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a b s t r a c t 

We present a new approach based on linear integro-differential operators with logarithmic kernel related 

to the Hadamard fractional calculus in order to generalize, by a parameter ν ∈ (0, 1], the logarithmic 

creep law known in rheology as Lomnitz law (obtained for ν = 1 ). We derive the constitutive stress-strain 

relation of this generalized model in a form that couples memory effects and time-varying viscosity. 

Then, based on the hereditary theory of linear viscoelasticity, we also derive the corresponding relaxation 

function by solving numerically a Volterra integral equation of the second kind. So doing we provide a full 

characterization of the new model both in creep and in relaxation representation, where the slow varying 

functions of logarithmic type play a fundamental role as required in processes of ultra slow kinetics. 

© 2017 Elsevier Ltd. All rights reserved. 

1. Introduction 

In 1956 Lomnitz [15] introduced a logarithmic creep law to 

treat the creep behaviour of igneous rocks. The original Lomnitz 

creep law provides the strain response ε( t ) to a constant stress 

σ (t) = σ0 for t ≥ 0 in the form 

ε(t) = 

σ0 

E 0 
[ 1 + q ln (1 + t/τ0 ) ] , t ≥ 0 , (1.1) 

where E 0 is the shear modulus, τ 0 > 0 is a characteristic time dur- 

ing which the transition from elastic to creep-type deformation oc- 

curs and q is a positive non-dimensional constant. The logarithmic 

creep law suggested by Lomnitz on the basis of an empirical rea- 

soning has found many applications in other papers of the same 

author [16,17] . 

In 1958 Jeffreys [11] proposed a power law of creep, generaliz- 

ing the Lomnitz logarithmic law to broaden the geophysical appli- 
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cations to fluid-like materials including igneous rocks. This gener- 

alized law, however, can be applied also to solid-like viscoelastic 

materials as shown in a revisited version in 1984 by Strick [35] . 

More recently, in 2012 Mainardi and Spada [23] have provided a 

full characterization of the rheological properties related to this 

general model thus including the original Lomnitz creep law. 

We recall that in the linear theory of viscoelasticity, based on 

the hereditary theory by Volterra, a viscoelastic body is character- 

ized by two distinct but interrelated material functions, causal in 

time (i.e. vanishing for t < 0): the creep compliance J ( t ) (the strain 

response to a unit step of stress) and the relaxation modulus G ( t ) 

(the stress response to a unit step of strain). For more details see 

e.g. the treatises by Christensen [5] , Pipkin [28] and Mainardi [19] . 

By taking J(0 + ) = J 0 > 0 so that G (0 + ) = G 0 = 1 /J 0 , the body is 

assumed to exhibit a non vanishing instantaneous response both in 

the creep and in the relaxation tests. As a consequence, we find it 

convenient to introduce two non-dimensional quantities ψ( t ) and 

φ( t ) as follows 

J(t) = J 0 [1 + ψ(t )] , G (t ) = G 0 φ(t) , (1.2) 
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where ψ( t ) is a non-negative increasing function with ψ(0) = 0 

and φ( t ) is a non-negative decreasing function with φ(0) = 1 . 

Henceforth, ψ( t ) and φ( t ) will be referred to as dimensionless 

creep function and relaxation function, respectively. Viscoelastic 

bodies can be distinguished in solid-like and fluid-like whether 

J(+ ∞ ) is finite or infinite so that G (+ ∞ ) = 1 /J(+ ∞ ) is non zero 

or zero, correspondingly. 

It is quite common in linear viscoelasticity to require the ex- 

istence of positive retardation and relaxation spectra for the ma- 

terial functions J ( t ) and G ( t ), as pointed out by Gross in his 1953 

monograph on the mathematical structure of the theories of vis- 

coelasticity [7] . This implies, as formerly proved in 1973 by Moli- 

nari [26] and revisited in 2005 by Hanyga [9] , see also Mainardi’s 

book [19] , that J ( t ) and G ( t ) turn out to be Bernstein and Com- 

pletely Monotonic functions, respectively. For their mathematical 

properties the interested reader is referred to the excellent mono- 

graph by Schilling et al. [34] . 

As pointed out e.g. in [19] , the relaxation modulus G ( t ) can be 

derived from the corresponding creep compliance J ( t ) through the 

Volterra integral equation of the second kind 

G (t ) = 

1 

J 0 
− 1 

J 0 

∫ t 

0 

dJ 

dt ′ G (t − t ′ ) dt ′ ; (1.3) 

as a consequence, the dimensionless relaxation function φ( t ) obeys 

the Volterra integral equation 

φ(t) = 1 −
∫ t 

0 

dψ 

dt 
φ(t − t ′ ) dt ′ . (1.4) 

Mainardi and Spada in [23] have shown, both analytically and 

numerically, that the relaxation function corresponding to the 

Lomnitz creep law decays in time as the slow varying function 

1/ln t . 

Quite recently Pandey and Holm [27] have discussed the mean- 

ing of the empirical Lomnitz logarithmic law in the framework of 

time-dependent non-Newtonian rheology, where the stress-strain 

relation is 

σ (t) = η(t ) ̇ ε(t ) , t ≥ 0 , (1.5) 

where η( t ) > 0 represents a time-dependent viscosity coefficient. 

In particular, they have shown that the stress-strain equation lead- 

ing to the Lomnitz law is 

q 

E 0 
σ (t) = 

(
1 + 

t 

τ0 

)
˙ ε(t) , t ≥ 0 , (1.6) 

so that the time evolution of viscosity is represented by the differ- 

ential operator 

̂ O 

t 
1 := 

(
1 + 

t 

τ0 

)
d 

dt 
. (1.7) 

The starting point of Pandey and Holm [27] is a spring-dashpot 

viscoelastic model (of Maxwell type) with viscosity varying linearly 

in time that provides a relaxation function decaying in time to zero 

as a negative power law. We note that the stress-strain relation 

(1.6) indeed yields the Lomnitz creep law (1.1) for constant stress 

σ (t) = σ0 , but the power law for the relaxation function is not 

compatible with its ultra-slow decay of logarithmic type derived 

by Mainardi and Spada in [23] in the framework of the linear the- 

ory of viscoelasticity as solution of the Volterra integral Eq. (1.3) . 

In Geophysics there exists another approach to derive the Lom- 

nitz creep law: it is due to Scheidegger [32,33] , who in 1970 pro- 

posed a non-linear stress-strain relation that reads 

˙ σ (t) = 2 η ε̈(t) + β ˙ ε2 (t) , (1.8) 

where η is the (constant) viscosity and β a creep factor. The in- 

tegration of this differential equation for a step input of stress 

σ (t) = σ0 for t ≥ 0 leads to the Lomnitz creep law (1.1) provided 

that 2 η/β = qσ0 /E 0 and τ 0 is a suitable time constant of integra- 

tion. This non-linear approach, however, even if justified by the au- 

thor for some effects related to energy dissipation in rocks, has not 

found a validation in the literature up to nowadays. Furthermore, 

no investigation for the relaxation of stress under constant strain 

has been considered. 

The above discussion implies that in order to justify the Lom- 

nitz creep law we have (at least, to our knowledge) three possi- 

ble ways: the standard one based on the linear hereditary Volterra 

theory, the approach with non constant viscosity followed by 

Pandey and Holm [27] and the non-linear approach proposed by 

Scheidegger. 

In this paper, starting with the Pandey and Holm [27] ap- 

proach, we set up an iterative operational method based on op- 

erator (1.7) which leads to the generalized Lomnitz law 

ε(t) = 

σ0 

E 0 

[ 

1 + q 
ln 

ν
(
1 + 

t 
τ0 

)

(1 + ν) 

] 

, 0 < ν ≤ 1 , t ≥ 0 . (1.9) 

We will then derive the corresponding relaxation function of this 

law by solving the related Volterra integral equation. An interest- 

ing outcome of our analysis is that the resulting rheological model 

considers both a time varying viscosity and the memory effects re- 

quired by the hereditary theory of linear viscoelasticity. 

We first give some mathematical preliminaries in the next Sec- 

tion and then in Section 3 we explain the meaning of our ap- 

proach. In Section 4 we discuss the implications of our work and 

finally conclusions are drawn in Section 5 . 

For readers’ convenience we add two appendices. In 

Appendix A we recall the essentials of the Hadamard frac- 

tional calculus on which our operational approach is based. In 

Appendix B we outline the numerical method adopted to solve 

the Volterra integral equation satisfied by the relaxation function 

of our generalized model. 

2. Integro-differential operators with logarithmic kernels 

In the recent paper by Beghin, Garra and Macci [2] , an integro- 

differential operator with logarithmic kernel has been introduced 

in the context of correlated fractional negative binomial processes 

in statistics. Using their notation, the time-evolution operator ̂ O 

t 
ν

acting on a sufficiently well-behaved function f ( t ) is defined as 

̂ O 

t 
ν f (t) := 

1 


(n − ν) 
×

∫ t 

1 −a 
b 

ln 

n −1 −ν

(
a + bt 

a + bτ

)
×

[((
a 

b 
+ τ

)
d 

dτ

)n 

f (τ ) 

]
b 

a + bτ
dτ, (2.1) 

for n − 1 < ν < n ∈ N , 0 < a ≤ 1 and b > 0. 

A relevant property of this operator is given by the following 

result 

̂ O 

t 
ν ln 

β
(a + bt) = 


(β + 1) 


(β + 1 − ν) 
ln 

β−ν
(a + bt) (2.2) 

for ν ∈ (0, 1) and β > −1 \ { 0 } , see [2] , pag. 1057 for the de- 

tails. Moreover we have that ̂ O 

t 
ν const. = 0 . We refer to the 

Appendix A for a short survey about fractional-type operators with 

logarithmic kernel, starting from the so-called Hadamard fractional 

calculus. 

In analogy with the classical theory of fractional calculus (see 

e.g. the monograph by Kilbas, Srivastava and Trujillo [13] ), we in- 

troduce the integral operator with logarithmic kernel acting on a 

sufficiently well-behaved function f ( t ) as 

̂ I t α f (t) := 

1 


(α) 

∫ t 

1 −a 
b 

ln 

α−1 

(
a + bt 

a + bτ

)
f ( τ ) 

b 

a + bτ
dτ, α > 0 , (2.3) 
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