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a b s t r a c t 

The electrical activity of a three dimensional fractional-order model of pancreatic β-cells is numerically 

studied. The dynamics of the model is understood through the Adams–Bashforth–Moulton predictor cor- 

rector scheme, which is a time-domain approach. By considering both integer-order and fractional-order 

models, we highlight some differences in their dynamics characteristics. It is shown that the fractional 

model can give rise to chaotic dynamics due to the existence of a Smale horseshoe. Some behaviors 

related with diabetes mellitus are also reported. The fractional model gets closer to the real biological 

behavior, thus provides motivation in modeling biological systems with fractional order derivatives. 

© 2017 Published by Elsevier Ltd. 

1. Introduction 

One of the biological systems which attracts much attention 

in biology is the endocrine pancreas. It is here that insulin is se- 

creted into bloodstream in response to an elevation in blood glu- 

cose, initiating a cascade of events leading to the uptake of glu- 

cose by muscle and adipose tissue. In fact, the metabolism of glu- 

cose into the β-cells leads to production of ATP, closure of ATP- 

sensitive potassium channels (K(ATP)-channels) and electrical ac- 

tivity, which activates voltage-gated calcium channels. The result- 

ing influx of Ca 2+ leads to insulin release through Ca 2+ -dependent 

exocytosis [1] . Like nerve and many endocrine cells, pancreatic β- 

cells are electrically excitable, producing electrical impulses in re- 

sponse to elevations in glucose. The electrical spiking pattern typi- 

cally comes in the form of bursting, characterized by periodic clus- 

ters of impulses followed by silent phases with no activity [2] . 

Bursting electrical activity (BEA) is important since it leads to os- 

cillations in the intracellular free Ca 2+ concentration [3,4] , which 

in turn lead to oscillations in insulin secretion [5] . The synchro- 

nization phenomenon that occurs in pancreatic β-cells has been 

recently studied by generating in-phase BEA in β-cells using a dis- 

crete time coupling [6] . 

Diabetes mellitus, commonly known as diabetes, is a syndrome 

of disordered metabolism, usually due to a combination of heredi- 
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tary and environmental causes. Diabetes results in abnormally high 

blood sugar levels known as hyperglycemia. This is caused by an 

autoimmune attack on β-cells secreted by the pancreas (Type I) 

or by the inadequate supply or function of β-cells in counter- 

acting the fluctuations of high and low blood glucose within the 

body (Type II). Diabetes has become an epidemic with considerable 

complications such as retinopathy, nephropathy, peripheral neu- 

ropathy and blindness [7] . Along the same line, attention has been 

paid with the increased emphasis on derangements of the sensitiv- 

ity of tissues to insulin in diverse pathological conditions like dia- 

betes, obesity and cardiovascular diseases [8–10] . Careful diabetes 

mellitus self-management is essential in avoiding chronic compli- 

cations that compromise health, and is characterized by many and 

often not readily observable clinical effects [11] . Therefore, there 

is an urgent need for improved diagnostic methods that provide 

more precise clinical assessments and sensitive detection of symp- 

toms at earlier stages of the disease. This may be facilitated by im- 

proved mathematical models and tools related to interrelationship 

dynamics among physiological variables. 

For realistic modeling, one improves the existing models, by 

taking into account the effects that were previously neglected or 

unknown [12] or by considering various stimulation of existing 

models [13,14] . This is done in keeping with the progress in the 

development of pertinent mathematical and numerical methods. 

Along the same line, recent researches motivated the establish- 

ment of strategies taking advantage of fractional calculus in the 

modeling, the study and the control of many phenomena [15–19] . 
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Although it has a long history, the applications of fractional calcu- 

lus to physics and engineering are just a recent focus of interest 

[20,21] . 

While theoretical studies of electrical patterns in excitable 

cells have been extensively studied [22,23] , fractional (non-integer) 

mathematical models were developed only recently to provide 

insight in the electrophysiological patterns observed in excitable 

cells. In that sense, Mvogo et al. [24] showed both analytically and 

numerically that fractional short impulses in the Hindmarsh–Rose 

neural network can be in perfect agreement with the typical re- 

sults reported in most electrophysiological recordings. Their work 

also suggested that fractional order properties in excitable cells 

may be advantageous for crucial intuitions into spatio-temporal 

dynamics, chaos and synchronization. Along the same line, it has 

been shown that fractional-order differentiation is a fundamental 

and general way that can contribute to efficient information pro- 

cessing, stimulus anticipation and determination of chaos in neu- 

ronal firing [25,33] . Although the BEA on the pancreatic β-cells has 

been studied extensively [26–32] , the previous theoretical studies 

on the β-cells firing rhythms and modes have been done using 

integer-order models. To the best of our knowledge there is no 

report on fractional-order models of β-cells. In this paper, a frac- 

tional mathematical model of pancreatic β-cells is studied by look- 

ing for qualitative and quantitative explanations on the impact of 

the fractional order parameter. Interestingly, the fractional model 

can lead to various dynamical behaviors which can be related to 

some and often readily observable clinical effects. It is shown that 

the fractional model can be used to explain the dynamics of β- 

cells more adequately than other types of differentiation can. Fur- 

thermore, it is shown that the fractional model can leads to chaotic 

behavior as also found recently in fractional neural system [33] . 

The rest of the paper is organized as follows: in Section 2 , 

we first present the standard model of β-cells with integer-order 

derivative and discuss on the dynamical behaviors. In Section 3 , 

the fractional mathematical model is introduced and the nu- 

merical scheme is presented. The numerical results are pre- 

sented and discussed with emphasis on the biological implications. 

Section 4 concludes the paper. 

2. Integer-order model of β-cells 

The modeling of bursting oscillations in β-cells is an interesting 

topic and several models have been proposed and studied with the 

purpose of understanding the system better. The first mathemati- 

cal model for such bursting oscillations has been proposed by Chay 

and Keizer [26] . Since that, several authors have proposed more 

revised and refined models with results consistent with physiol- 

ogy [27–32] . The mathematical model implemented throughout 

this paper has been proposed by Pernarowski [30,31] . The main 

characteristic of this model is that it presents fast and slow vari- 

ables which can model different behaviors of β-cells, such as: an 

active β-cell, which is considered to be a regular cell with active 

and silent phases of insulin releasing; an inactive cell, which corre- 

sponds to cell that no longer produce oscillations; and continuous 

spiking β-cells, commonly refereed to cells which are isolated from 

the cluster. As the other models, it is a singularly perturbed system 

that consists of a two-dimensional fast subsystem (FS) and at least 

a one-dimensional slow subsystem (SS). The model is described by 

the following set of equations: 

dx 

dt 
= f (x ) − y − z, 

dy 

dt 
= x 3 + f (x ) − 3 x − y − 3 , 

dz 

d t 
= ε(β(x − u β ) − z) , (1) 

where x is the membrane potential, y is a channel activation pa- 

rameter for the voltage-gated potassium channel, and z denotes 

the concentrations of agents which regulate the BEA, such as intra- 

cellular calcium and concentration of calcium in the endoplasmic 

reticulum and ADP. The function f ( x ) has the following form: 

f (x ) = 

−a 

3 

x 3 + aμx 2 + (1 − a (μ2 − η2 )) x. (2) 

In this section, all the results have been obtained by a numerical 

integration of Eq. (1) through the fourth-order Runge Kutta compu- 

tational scheme with time-step �t = 10 −2 and with the following 

initial conditions: 

x (t = 0) = −1 . 345 , y (t = 0) = 0 and z(t = 0) = 1 . 4 . 

Moreover, in the whole paper, it is considered the standard param- 

eters values of the Pernarowski model (1) which are recalled here- 

after [30] : 

a = 

1 

4 

, μ = 

3 

2 

, β = 4 , ε = 0 . 0025 . 

Using this specific values, depending on η and u β , the system ex- 

hibits square-wave bursting which is analogous to the BEA in the 

pancreatic β-cells. 

Fig. 1 summarizes the different behaviors which can be ob- 

tained in the classical Pernarowski model (1) according to the val- 

ues of η and u β . Indeed, by considering two specific values of 

each parameter η and u β , namely η = 

3 
4 , η = 1 , u β = −0 . 954 and 

u β = −2 , it is plotted the time series of x , y and z : 

• for an active cell [ Figs. 1 (a)–(c)] defined when u β = −0 . 954 and 

η = 

3 
4 . 

• for a continuous spiking β-cell [ Figs. 1 (d)–(f)] when u β = 

−0 . 954 and η = 1 

• for an inactive cell [ Figs. 1 (g)–(l)] obtained when u β is adjusted 

to u β = −2 and η = 

3 
4 [(g)-(i)] or η = 1 [(j)–(l)]. 

For an active cell, that is for u β = −0 . 954 , when η = 

3 
4 , it is 

seen in Fig. 1 .(a) that the membrane potential x is triggered due 

to the levels of glucose in the blood. Fig. 1 .(b) shows the chan- 

nel activation parameter for the voltage-gated potassium channel 

y , and Fig. 1 (c) shows the concentration of calcium z . Then, when 

the concentration of calcium z , due to the levels of glucose in 

the blood increases, the membrane potential and the channel ac- 

tivation parameter for the voltage-gated potassium channel y ex- 

hibit an active phase with square-wave bursting. The generation 

of bursts is characterized by an alternation between a silent phase 

and a phase of rapid oscillation whose duration seems to have a 

great importance in the regulation of blood glucose [41,42] . More- 

over, when u β remains unchanged and η is increased up to η = 1 , 

it is observed a different behavior which corresponds to continu- 

ous spiking β-cells. This case, which is reported in Fig. 1 (d)–(f), 

shows that as the parameter η varies, the system always present 

an electrical activity. The burst gives way to continuous spiking or 

beating. This spiking activity is represented by fast oscillations in 

the form of spikes. This is commonly attributed to isolated cells 

[43] and sometimes to cells belonging to clusters with a reduced 

number of cells in it [44] . 

By contrast, in Fig. 1 (g)–(l), the parameter u β has been changed 

to u β = −2 , while the two previous values of η have been consid- 

ered, namely η = 

3 
4 and η = 1 . In this case the system given by Eq. 

(1) models the response of an inactive cell [30] . This is appreciated 

from Fig. 1 (g)–(l). These figures show the behavior of the system 

due to this change of parameter u β for both values of η. What- 

ever the value of η, after a transient, the system evolves towards 

a stable state. This is one of the main problems on nonfunctional 

β-cells. 
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