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1. Background and introduction 

Let ( X, d, T ) be a dynamical system, where ( X, d ) is a compact 

metric space and T : X → X is a continuous map. The set M ( X ) of all 

Borel probability measures is compact under the weak ∗ topology. 

Denote by M ( X, T ) ⊂ M ( X ) the subset of all T -invariant measures 

and E ( X, T ) ⊂ M ( X, T ) the subset of all ergodic measures. Multifrac- 

tal analysis is concerned with the study of pointwise dimension of 

a Borel measure μ (provided the limit exists): 

d μ(x ) = lim 

ε→ 0 

log μ(B (x, ε)) 

log ε
, 

where B ( x , ε) is an open ε-neighborhood of x . Set 

X α := { x ∈ X : d μ(x ) = α} . 
The purpose is to describe the set X α . It is worthwhile to men- 

tion that the multifractal analysis of Birkhoff average is closely re- 

lated to the pointwise dimension of the Borel measure. We refer 

the reader to Refs. [4,10,12,14,16] . Here, we can introduce the gen- 

eral form of Pesin’s multifractal formalism in [8] , or [2] as follows. 

Consider a function g : Y → [ −∞ , + ∞ ] in a subset Y of X . The level 

set 

K 

g 
α = { x ∈ Y : g(x ) = α} 
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are pairwise disjoint, and we obtain a multifractal decomposition of 

X given by 

X = (X \ Y ) ∪ 

⋃ 

α∈ [ −∞ , + ∞ ] 

K 

g 
α. 

Let G be a function defined in the set of subsets of X . The 

multi f ractal spectrum : F : [ −∞ , + ∞ ] → R of the pair ( g, G ) is de- 

fined by 

F(α) = G (K 

g 
α) , 

where g may denote the Birkhoff averages, Lyapunov exponents, 

pointwise dimension or local entropies and G may denote the 

topological entropy, topological pressure or Hausdorff dimension. 

For fixed q ∈ R and μ ∈ M ( X ), Olsen [7] defined a generalized 

Hausdorff dimension dim 

q 
μ(·) for q ∈ R (for the detailed definitions, 

see Section 3 ) and established the relation formula of dimensions. 

And then in [6] , Olsen studied self-affine multifractal analysis in 

R 

d by using the formalism introduced in [7] with separation con- 

dition. We state these results as follows: 

• Let μ be a cookie-cutter measure in R or graph directed mea- 

sure in R 

d with totally disconnected support. Then 

dim H (X α) = inf 
q 

{ qα + dim 

q 
μ( supp μ) } . 

• Let μ denote the self-affine Sierpinski Sponge measure. Then 

dim H (X α) = inf 
q 

{ qα + dim 

q 
μ( supp μ) } . 

In dynamical systems, the dynamical ball is always studied in- 

stead of the geometry ball. More precisely, for x ∈ X , we define the 

dynamical ball B n ( x , ε) by 

B n (x, ε) := { y ∈ X : d(T j x, T j y ) < ε, 0 ≤ j ≤ n − 1 } . 
http://dx.doi.org/10.1016/j.chaos.2017.01.002 

0960-0779/© 2017 Elsevier Ltd. All rights reserved. 

http://dx.doi.org/10.1016/j.chaos.2017.01.002
http://www.ScienceDirect.com
http://www.elsevier.com/locate/chaos
http://crossmark.crossref.org/dialog/?doi=10.1016/j.chaos.2017.01.002&domain=pdf
mailto:tdshxi@njupt.edu.cn
mailto:wukonglrl@163.com
mailto:izhaocao@126.com
http://dx.doi.org/10.1016/j.chaos.2017.01.002


2 X. Shao et al. / Chaos, Solitons and Fractals 96 (2017) 1–7 

We define the low ( resp.upper ) local ( pointwise ) entropies as fol- 

lows: 

h μ(T , x ) = lim 

ε→ 0 
lim inf 

n →∞ 

−1 

n 

log μ(B n (x, ε)) , 

h μ(T , x ) = lim 

ε→ 0 
lim sup 

n →∞ 

−1 

n 

log μ(B n (x, ε)) . 

Note that the limits exist as ε tends 0. We say that the local en- 

tropy exists at x if 

h μ(T , x ) = h μ(T , x ) . 

In this case the common value will be denoted by h μ( T, x ). And 

then, for μ ∈ M ( X, T ) and α ≥ 0, define 

̂ K α(μ) = { x ∈ X : h μ(T , x ) = α} . 
In [13] , Takens and Verbitski defined the ( q, μ)-entropy h μ( T, q , 

·) by extending the definition of generalized Hausdorff dimension 

dim 

q 
μ(·) and showed the following formula: 

h top ( ̂  K α(μ)) = qα + h μ(T , q, ̂  K α(μ)) , 

where h top ( ·) denotes the topological entropy. Later, in 2007, Yan 

and Chen [15] considered the multifractal spectra associated with 

Poincaré recurrences and established an exact formula on multi- 

fractal spectrum of local entropies for recurrence time. 

A natural question is that how does this work without the 

separation condition? In this paper, we will study the self-affine 

multifractal in general topological dynamical systems using the 

weighted entropy introduced in [5] without the separation condi- 

tion in [6] . 

2. Preliminaries and main results 

In [5] , Feng and Huang introduced the weighted entropy for fac- 

tor maps between general topological dynamical systems. Let k ≥
2. Assume that (X i , d i ) , i = 1 , . . . , k, are compact metric spaces, and 

( X i , T i ) are topological dynamical systems. Moreover, assume that 

for each 1 ≤ i ≤ k − 1 , (X i +1 , T i +1 ) is a factor of ( X i , T i ) with a fac- 

tor map πi : X i → X i +1 ; in other words π1 , . . . , πk −1 are continuous 

maps such that the following diagrams commute: 

For convenience, we use π0 be the identity map on X 1 . Define 

τi : X 1 → X i +1 by τi = πi ◦ πi −1 ◦ · · · ◦ π0 , for i = 0 , 1 , . . . , k − 1 . Let 

M ( X i , T i ) denote the set of all T i -invariant Borel probability mea- 

sures on X i and E ( X i , T i ) denote the set of ergodic measures. Fix 

a = (a 1 , a 2 , . . . , a k ) ∈ R 

k with a 1 > 0 and a i ≥ 0 for i ≥ 2. For μ ∈ 

M ( X 1 , T 1 ), we call 

h 

a 
μ(T 1 ) := 

k ∑ 

i =1 

a i h μ◦τ−1 
i −1 

(T i ) 

the a-weighted measure-theoretic entropy of μ with respect to T 1 , 

or simply, the a-weighted entropy of μ, where h 
μ◦τ−1 

i −1 

(T i ) denotes 

the measure-theoretic entropy of μ ◦ τ−1 
i −1 

with respect to T i . 

Definition 2.1 (a-weighted Bowen ball) . For x ∈ X 1 , n ∈ N , ε > 0 , 

let 

B 

a 
n (x, ε) : = { y ∈ X 1 : d i (T j 

i 
τi −1 x, T j 

i 
τi −1 y ) 

< ε for 0 ≤ j ≤ � (a 1 + · · · + a i ) n � − 1 , i = 1 , . . . , k } 
where � u � denotes the least integer ≥ u . We call B a n (x, ε) the n th 

a -weighted Bowen ball of radius ε centered at x . 

Remark 2.1. Return back to the metric spaces ( X i , d i ) and topo- 

logical dynamical systems (X i , T i ) , i = 1 , 2 , . . . , k. For n ∈ N , define 

a metric d a n on X 1 by 

d a n (x, y ) = sup { d i (T j 
i 
τi −1 x, T j 

i 
τi −1 y ) 

< ε f or 0 ≤ j ≤ � (a 1 + · · · + a i ) n � − 1 , i = 1 , . . . , k } . 
Definition 2.2 [5] . Let a = (a 1 , a 2 , . . . , a k ) ∈ R 

k with a 1 > 0, and a i 
≥ 0 for 2 ≤ i ≤ k . For any n ∈ N , and ε > 0, define 

T a n,ε := { A ⊂ X 1 : A is a Borel subset of B 

a 
n (x, ε) f or some x ∈ X 1 } . 

For any subset Z ⊂ X 1 , s ≥ 0 and N ∈ N , define 

�a (Z, ε, s, N) = inf 
∑ 

j 

exp (−sn j ) 

where the infimum is taken over all countable collections � = 

{ (n j , A j ) } , n j ≥ N, A j ∈ T a n j ,ε
, and 

⋃ 

(n j ,A j ) ∈ � A j ⊃ Z. The quantity 

�a ( Z , ε, s, N ) does not decrease with N , hence the following limit 

exists: 

�a (Z, ε, s ) = lim 

N→∞ 

�a (Z, ε, s, N) . 

There exists a critical value of the parameters, which we will de- 

note by h a ( Z , ε), where �a ( Z , ε, s ) jumps from ∞ to 0, i.e 

�a (Z, ε, s ) = 

{
0 i f s > h 

a (Z, ε) 
∞ i f s < h 

a (Z, ε) . 

Clearly, h a ( Z , ε) does not decrease with ε, and hence the following 

limit exists: 

h 

a (Z) = lim 

ε→ 0 
h 

a (Z, ε) . 

Definition 2.3. We define the weighted lower (upper) local (point- 

wise) entropies as follows: 

h 

a 
μ(T 1 , x ) = lim 

ε→ 0 
lim inf 

n →∞ 

−1 

n 

log μ(B 

a 
n (x, ε)) , 

h 

a 

μ(T 1 , x ) = lim 

ε→ 0 
lim sup 

n →∞ 

−1 

n 

log μ(B 

a 
n (x, ε)) . 

We say that the weighted local entropy exists at x if 

h 

a 
μ(T 1 , x ) = h 

a 

μ(T 1 , x ) . 

In this case the common value will be denoted by h a μ(T 1 , x ) . Similar 

to the Brin–Katok formula in [3] , Feng and Huang [5] showed the 

weighted version of Brin–Katok formula as follows. 

Theorem 2.1 [5] . For each ergodic measure μ ∈ M ( X 1 , T 1 ), we have 

lim 

ε→ 0 
lim inf 

n →∞ 

− log μ(B 

a 
n (x, ε)) 

n 

= lim 

ε→ 0 
lim sup 

n →∞ 

− log μ(B 

a 
n (x, ε)) 

n 

= h 

a 
μ(T 1 ) 

for μ-a.e., x ∈ X 1 . 

Let μ ∈ M ( X 1 , T 1 ) be an invariant Borel measure. For α ≥ 0, 

define 

K α(μ) = { x ∈ X 1 : h 

a 
μ(T 1 , x ) = α} . 

In this paper, we are interested in local entropies and spectra as- 

sociated with the weighted Bowen ball. More precisely, we study 

the size of the set K α( μ). 
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