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1. Introduction

Qualitative properties of the mathematical theory of impulsive
differential equations have been developed by a large number of
researchers in the past several years, see [1-9]. Such kind of equa-
tions represents a natural framework for mathematical modelling
of several processes and phenomena studied in biology, Engineer-
ing, physics technology and so on [10-14]. One of the important
applications of impulsive differential equations to real problems is
to find efficient stability conditions for their solutions. Now there
have been many interesting methods and results on stability analy-
sis of various impulsive differential equations, especially for impul-
sive differential equations involving delay effects which are called
impulsive functional differential equations (IFDEs) [15-18].

Razumikhin method was initially proposed by Razumikhin
[19,20] for the ordinary differential delay equations and was then
developed by several researchers to more general functional differ-
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ential equations [21-26], especially for IFDEs [27-33]. The idea and
advantage of Razumikhin method coupled with Lyapunov func-
tions for IFDEs is to consider the effects of delay and impulse via
the relationship between the current state and the history state
of Lyapunov function, which could not only avoid the construc-
tion of the complex Lyapunov functional, but also show the effects
of impulsive perturbations very well. In many cases Lyapunov-
Razumikhin method can give an efficient way to deal with the dy-
namics of delayed system which cannot be solved via Lyapunov
functional methods. For example, it is feasible to study the im-
pulsive stabilization problem of IFDEs by employing Lyapunov-
Razumikhin method, but in such case it is difficult to utilize the
method of Lyapunov functional due to the existence of impulsive
control, see [31-33]. Based on Lyapunov-Razumikhin method, Li
et al. [34,35] designed the impulsive controller and studied the
synchronization control problem of delayed chaotic systems, but
the Lyapunov functional method is hard to apply from the impul-
sive control point of view. Although there are so many advantages,
to our knowledge, there is almost no result, based on Razumikhin
method, reported for the stability theory of IFDEs of neutral type.
As mentioned in [24,36], there are a number of difficulties that one
must face in developing the corresponding stability theory of func-
tional differential equations of neutral type by using Razumikhin-
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Lyapunov function method, not to mention the case for IFDEs. For
example, the general ideas constructing Lyapunov functions are in-
valid for IFDEs of neutral type due to the existence of neutral term
and impulses. Moreover, it is nature that Razumikhin condition
should include some information of the neutral term since there
exist some time delays in neutral term of IFDEs of neutral type,
which is hard to handle in the operation.

In recent years, some results on the existence, controllability
and stability of solutions for IFDEs of neutral type have been pre-
sented in [37-42]. In [40], the asymptotic behavior of nonlinear
neutral delay differential equations with impulses were considered
by establishing proper Lyapunov functions and some analysis tech-
niques. However, the impulses considered were just some special
cases. In [41], some results ensuring global exponential stability of
IFDEs of neutral type were derived via impulsive delay inequality
and some analysis techniques, which were very popular in the ap-
plication of dynamical analysis of neural networks. However, the
results were based on M-matrix theory and can only be applied to
some special autonomous systems. Hence, new methods and tech-
nique for stability analysis of IFDEs of neutral type should be ex-
plored and developed.

Our goal in this paper is to develop the Razumikhin method
to IFDEs of neutral type and establish some Razumikhin theorems.
We introduce a kind of auxiliary function N(t) that has great ran-
domicity in Razumikhin condition. Some Razumikhin-type theo-
rems on uniform stability and uniform asymptotic stability are es-
tablished, which are seldom reported in the literature. Further-
more, even there is no impulse, the developed results in this paper
are more general than some existing results [43-46]. The work is
organized as follows. In Section 2, we introduce some basic defini-
tions and notations. In Section 3, we present the main results. In
Section 4, some examples are given to show the powerfulness of
our new results. Finally, the paper is concluded in Section 5.

2. Preliminaries

Notations. Let R denote the set of real numbers, R, the set of
positive real numbers and R" and R™™ the n-dimensional and n
x m-dimensional real spaces equipped with the Euclidean norm
II-]l. Let Z, denote the set of positive integers, i.e., Z, = {1,2,...}.
B={p:R;— R, is continuous and satisfies ¢(s) > s for s >
0 ) A={1,2,...,n). For any interval JC R, set SCRkK(1 <k <
n),C(.S) ={¢ : ] — S is continuous}, PC(J,S) = {¢ : ] — S is con-
tinuous everywhere except at finite number of points t, at which
(1), o(t™) exist and @(tt) = ¢(t)} and PC'(J.S) = {@ : ] - Sis
continuously differentiable everywhere except at finite number of
points t, at which ¢(t™), @(t7),@(t") and @(t™) exist, @(t*) =
o(t), o(t*T) = @(t), where ¢ denotes the derivative of ¢ }. The im-
pulse times ¢, satisfy 0 <ty <t; <... <t <— 400 as k — oo.

Consider the following IFDEs of neutral type:

X(t) :f(t*xf»x(t_r(t))>’ te [tk—lwtk)9 (1)
Ax|f=[k = x(tk) _X(tk_) = Ik(tksx(tk_))s k € Z+ﬂ

where 0 < 7 < t(t) < r, and 7, r are two given positive con-
stants, f e C([ty_1,t) x D xR, R™), D is an open set in PC; =
PC([-r, 0], R"), x denotes the right-hand derivative of x. For each
keZy, I(t,x) € C([tyg, 00) x R",R") and I(t,0) =0. For each t >
to. X € D is defined by x;(s) = x(t +5), —r <s < 0. For y ¢ PC}! =
PC'([—r, 0], R™), the norm of v is defined by

1 11? SUDOIIW(Q), 117

—r<f<

= max{ sup |y @1 sup @]}

—r<f< —r<f<

For given o > ty and ¢ € PC],
(1) is

x(t) = f(t. xe, X(t — T (1)),
AXlrgk =X(tx) — x(t ) = Le(te, x(t,)),
Xt=0Q,

the initial value problem of

t e [U,+OO) N [tk—lrtk):
kez,,
o—-r<t<o.

(2)

In this paper, we assume that the solution for the initial value
problem (2) does exist and is unique which will be written in the
form x(t, o, ¢), see [37-39] for detailed information. Moreover, we
assume that f(t,0,0) =0, [,(t,0) =0,t > 0, k € Z,. so that system
(2) has a solution x = 0, which is called the zero solution. Further-
more, in this paper we always suppose that function f satisfies the
following Lipschitzian condition:

£t @1,v1) — ft, @2, v2) || < Li(|l1 — @2|) + La(llv1 — v2])),
(p,'E]D),U,' ER“, i=1,2,
where L;(s),i= 1,2, are two monotone nondecreasing continuous

functions satisfying L; > 0 for s > 0.
We introduce some definitions (see [36,40]) as follows:

Definition 1. The function V : R, x D — R, belongs to class vg if

(i) V is continuous on each of the sets [t,_q,t) xD and
lim(t,(p)ﬁ(tk’.lﬂ) V(t,0) =V(t, , ¥) exists;
(ii) W(t, x) is locally Lipschitzian in x and V(t,0) =0,t € R,.

Definition 2. Let V € vy, for any (t, ¥) € [t,_q,t;) x D, the upper
right-hand Dini derivative of V along the solution of (2) is defined

by
DV (t, ¥ (0)) = lim sup %{V(t +hx(t+h¥)) =V, ¥(0))}
h—0+

Definition 3. A continuous function g: R, — R, is called a wedge
function if g(0) =0, g(s) is strictly increasing in s ¢ [0, +o00) and
g(s) — +oo as s — +oo.

Definition 4. Assume x(t) =x(t,o0,¢) be the solution of
(2) through (o, ¢). Then the zero solution of (2) is said to
be

(Hy) stable, if for anyo > t; ande > 0, there exists some 6 =
8(e,0) > 0 such that ||¢||! < & implies that ||x(t, o, @) < &, t >
o,

(Hy) uniformly stable, if the § in (H,) is independent of o;

(H3) uniformly asymptotically stable, if (H,) holds and for any o
> to, there exists some 1 > 0 such that ||¢]||} < n implies that
lim, oo X(t,0,¢) = 0.

3. Main results

In this section, we present some Lyapunov-Razumikhin condi-
tions for testing the local stability and asymptotical stability of im-
pulsive neutral system (2).

Theorem 1. Assume that there exist functions V(t, X) € vo, #(t) € B
and constants B € Ry, k € Z, such that

(@) wi(lxll) <Vt x) <up(l|x[]), t € Ry, x € R", where u; : Ry —
R, are wedge functions;
(i) V(0 ¥ (0 + (6 ¥)) = (1+ BV(t; . ¥ (0) for ¥ e PCL,
where Y i < 400,k € Zy;
(iii) For any o > ty, ¥ € PC] and any function N(t) € C(Ry, R, ),
DV (t, ¥ (0)) < F(t,V(t, ¥ (0)),N(t)),
telo,+00)N[te_q1. ), keZy,

whenever

V(t+0,9(0) <N©), Iy @) <2 (N1©)), -r<6=<0,
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