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a b s t r a c t 

We study the interaction of some dynamical properties of a nonautonomous discrete dynamical system 

( X, f ∞ 

) and its induced nonautonomous discrete dynamical system (K(X ) , f ∞ 

) , where K(X ) is the hy- 

perspace of non-empty compact sets in X , endowed with the Vietoris topology. We consider properties 

like transitivity, weakly mixing, points with dense orbit, density of periodic points, among others. We 

also present examples of nonautonomous discrete dynamical systems showing that transitivity, density 

of periodic points and sensitive dependence on initial conditions are independents on the unit interval, 

i.e., unlike autonomous discrete dynamical systems, in definition of Devaney chaotic there are not redun- 

dant conditions for NDS on the interval. Actually, our examples give an even more precise conclusion: 

the classical result stating that transitivity is a sufficient condition for an autonomous discrete dynamical 

system on the interval to be Devaney chaotic fails to be true for nonautonomous dynamical systems. 

© 2016 Elsevier Ltd. All rights reserved. 

1. Introduction 

Let X be a topological space, f n : X → X a continuous function 

for each positive integer n , and f ∞ 

= ( f 1 , f 2 , . . . , f n , . . . ) . The pair 

( X, f ∞ 

) denotes the nonautonomous discrete dynamical system (NDS, 

for short) in which the orbit of a point x ∈ X under f ∞ 

is defined as 

the set 

orb (x, f ∞ 

) = { x, f 1 (x ) , f 2 1 (x ) , . . . , f n 1 (x ) , . . . } , 
where 

f n 1 := f n ◦ f n −1 ◦ · · · ◦ f 2 ◦ f 1 , 

for each positive integer n . In particular, when f ∞ 

is the con- 

stant sequence ( f , f , . . . , f , . . . ) , the pair ( X, f ∞ 

) is the usual (au- 

tonomous) discrete dynamical system given by the continuous 

function f on X and it will be denoted by ( X, f ). Autonomous dy- 

namical systems have been studied by many authors obtaining in- 

teresting and useful results. NDS were introduced in [16] , and are 

related to nonautonomous difference equations. Indeed, a general 

form of a nonautonomous difference equation is the following: 
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Given a compact metric space ( X, d ) and a sequence of continuous 

function ( f n : X → X ) n ∈ N , for each x ∈ X we set 

{
x 0 = x, 

x n +1 = f n (x n ) . 

This kind of nonautonomous difference equations has been con- 

sidered by several mathematicians (see for instance, among oth- 

ers, [22,26] ). The most classical examples are when X = [0 , 1] is 

the unit interval, and d is the usual euclidean metric. Observe that 

the orbit of a point forms a solution of a nonautonomous differ- 

ence equation. 

Given a NDS ( X, f ∞ 

), it induces a NDS (K(X ) , f ∞ 

) , where K(X ) 

is the hyperspace of all non-empty compact subsets of X endowed 

with the Vietoris topology and f n : K(X ) → K(X ) is the continu- 

ous function induced by f n . Here, f n (A ) = f n (A ) for each A ∈ K(X ) . 

Thus, f 
n 

1 = f n ◦ · · · ◦ f 2 ◦ f 1 . 

Usually, an autonomous discrete dynamical system can be re- 

garded as describing dynamics of individuals (points) in the state 

space X and its induced continuous function on the hyperspace as 

a form of collective behavior. This interpretation raises a natural 

question: does individual chaos imply collective chaos? and con- 

versely? For autonomous systems it is known that (K(X ) , f ∞ 

) is 

weakly mixing if and only if ( X, f ) is weakly mixing, and the latter 

condition is equivalent to the transitivity of (K(X ) , f ∞ 

) (see [19, 

Theorem 2.1] ). In [14] , A. Khan and P. Kumar studied chaotic prop- 

erties in the sense of Devaney for NDS, by considering the hyper- 
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space K(X ) with the w 

e -topology. Some results concerning chaotic 

properties in NDS were obtained in [2,7,12,17,18,24] . 

In Section 3 we study dynamical properties related to transitiv- 

ity in a NDS ( X, f ∞ 

) and the induced NDS (K(X ) , f ∞ 

) . In particu- 

lar, we give some examples to show that [19, Theorem 2.1] can- 

not be extend to NDS and, however, that some implications re- 

main true. We proved that if (K(X ) , f ∞ 

) is weakly mixing, then 

( X, f ∞ 

) is weakly mixing ( Corollary 3.9 ), and that the transitiv- 

ity of (K(X ) , f ∞ 

) implies that ( X, f ∞ 

) satisfies Banks’s condition 

and is transitive ( Propositions 3.5 –3.6 ). The property which is pre- 

served in both directions is to be weakly mixing of all orders 

( Proposition 3.10 ). 

In Section 4 we study several properties related to chaos in the 

sense of Devaney. Given a metric space X and a continuous func- 

tion f : X → X , an autonomous discrete system ( X, f ) is said to be 

chaotic in the sense of Devaney ( [6] ) if it is transitive, has dense 

set of periodic points and is sensitive (dependence on initial con- 

ditions). It is a well-known fact that transitivity and density of 

periodic points imply the sensitivity of f (see [4] and [11, Theo- 

rem 9.20] ) so that it is natural to ask if this result remains true 

for NDS (some conditions under this result is also valid for NDS 

are given in [27] ). We address this question for NDS on the inter- 

val. Example 4.4 shows that the answer is negative for this relevant 

class of NDS. We also present an example that proves that the clas- 

sic result that transitivity implies chaos in the sense of Devaney 

for autonomous dynamical systems on the interval ( [1,21,25] ) fails 

to be true for NDS. 

As a connection between Section 3 and Section 4 , we can say 

that for an autonomous discrete system ( X, f ), there is no relation 

between Devaney chaos for ( X, f ) and its associated hyperspace 

(K(X ) , f ) (see [10] ): 

( X, f ) is Devaney chaotic � (K(X ) , f ) is Devaney chaotic 

(K(X ) , f ) is Devaney chaotic � ( X, f ) is Devaney chaotic 

2. Preliminaries 

Given a subset A of a topological space X , Cl X ( A ) and Int X ( A ) 

denote the closure and the interior of A in X , respectively. 

A NDS ( X, f ∞ 

) is point transitive if there exists x ∈ X with dense 

orbit in X , i.e. Cl X ( orb (x, f ∞ 

)) = X . In this case, we say that x is 

a transitive point of ( X, f ∞ 

). Also, ( X, f ∞ 

) is topologically transitive 

if for any two non-empty open sets U and V in X , there exists a 

positive integer k such that f k 
1 
(U) ∩ V � = ∅ . A NDS ( X, f ∞ 

) is said to 

satisfy Banks’s condition if for any three non-empty open sets U, V, 

W in X , there exists a positive integer k such that f k 
1 
(U) ∩ V � = ∅ 

and f k 
1 
(U) ∩ W � = ∅ . We say that ( X, f ∞ 

) is weakly mixing if for any 

four non-empty open sets U 1 , U 2 , V 1 , V 2 in X , there exists a positive 

integer k such that f k 
1 
(U i ) ∩ V i � = ∅ , for each i ∈ {1, 2}. It is clear that 

if ( X, f ∞ 

) is weakly mixing, then it has Banks’s condition and, this 

implies that it is transitive. 

For a NDS ( X, f ∞ 

) we put X 2 = X × X and ( f ∞ 

) 2 = 

(g 1 , g 2 , . . . , g n , . . . ) , where g n = f n × f n for each positive inte- 

ger n . Thus, ( X 

2 , ( f ∞ 

) 2 ) is a NDS. Note that 

g n 1 = g n ◦ g n −1 ◦ · · · ◦ g 2 ◦ g 1 

= ( f n × f n ) ◦ ( f n −1 × f n −1 ) ◦ · · · ◦ ( f 2 × f 2 ) ◦ ( f 1 × f 1 ) = f n 1 × f n 1 . 

In general, for a positive integer m , we define the nonau- 

tonomous discrete dynamical system ( X 

m , ( f ∞ 

) m ), where 

X 

m = X × · · · × X ︸ ︷︷ ︸ 
m −times 

and ( f ∞ 

) m = (g 1 , . . . , g n , . . . ) , where 

g n = f n × · · · × f n ︸ ︷︷ ︸ 
m −times 

, 

for each positive integer n . 

We say that ( X, f ∞ 

) is weakly mixing of order m ( m ≥ 2) 

if ( X 

m , ( f ∞ 

) m ) is transitive, i.e. for any non-empty open sets 

U 1 , U 2 , . . . , U m 

, V 1 , V 2 , . . . , V m 

there is an integer n > 0 such that 

f n 
1 
(U i ) ∩ V i � = ∅ for each 1 ≤ i ≤ m . 

Let X be a topological space. The symbol K(X ) will denote the 

hyperspace of all non-empty compact subsets of X endowed with 

the Vietoris topology. Let us recall that the following sets consti- 

tute a base of open sets for Vietoris topology: 

〈 U 1 , . . . , U k 〉 : = { K ∈ K(X ) : K ⊂
k ⋃ 

i =1 

U i and 

K ∩ U i � = ∅ for each i ∈ { 1 , . . . , k }} , 
where U 1 , . . . , U k are non-empty open subsets of X . 

Given a metric space ( X, d ), a point x ∈ X and A ∈ K(X ) , let 

d(x, A ) = inf { d(x, a ) : a ∈ A } . For every ε > 0, we define the open d- 

ball in X about A and radius ε by N d (ε, A ) = { x ∈ X : d(x, A ) < ε} = ⋃ 

a ∈ A B (ε, a ) , where B ( ε, a ) denotes the open ball in X centred at a 

and radius ε. We define in K(X ) the Hausdorff metric induced by d , 

denoted by H d , as follows 

H d (A, B ) = inf { ε > 0 : A ⊂ N d (ε, B ) and B ⊂ N d (ε, A ) } , 
where A, B ∈ K(X ) . In [13, Theorem 2.2] it is proved that, in- 

deed, H d is a metric on K(X ) . Moreover, it is known [13, Theo- 

rem 3.1] that the topology induced by the Hausdorff metric co- 

incides with the Vietoris topology. We denote by N ( ε, A ) (respec- 

tively, by H ) the generalized open d -ball N d ( ε, A ) (respectively, the 

metric H d ) when it is clear for the metric d that is used. 

If X is a compact metric space and A, B ∈ K(X ) , it follows that 

H ( A, B ) < ε if and only if A ⊂ N ( ε, B ) and B ⊂ N ( ε, A ). 

Given a continuous function f : X → X , it induces a continuous 

function on K(X ) , f : K(X ) → K(X ) defined by f (K) = f (K) for ev- 

ery K ∈ K(X ) . It is known that the continuity of f implies the con- 

tinuity of f (see [13, Lemma 13.3] ). 

Let ( X, f ∞ 

) be a NDS and f n the induced continuous function 

of f n on K(X ) , for each positive integer n . Then, the sequence 

f ∞ 

= ( f 1 , f 2 , . . . , f n , . . . ) induces a nonautonomous discrete dynam- 

ical system (K(X ) , f ∞ 

) . In this case, f 
n 

1 = f n ◦ · · · ◦ f 2 ◦ f 1 . Note that 

f 
n 

1 = f n 
1 

. As usual, I denotes the unit interval and R the real num- 

bers equipped with the usual topology. 

3. Transitivity and related properties 

In the following theorem, the equivalence of (1) and (3) was 

independently showed by Banks [3] and Peris [19] . Moreover, in 

[5] was already shown that (2) implies (1). 

The results in this section are motivated by the following the- 

orem of autonomous discrete dynamical systems. Our aim is to 

study which implications remain valid for the case of a NDS. We 

construct some examples to show that some implications can not 

be extended to nonautonomous discrete dynamical systems. 

Theorem 3.1. [19, Theorem 2.1] Let f : X → X be a continuous function 

on a topological space X. Then the following conditions are equivalent: 

(1) ( X, f ) is weakly mixing. 

(2) (K(X ) , f ) is weakly mixing. 

(3) (K(X ) , f ) is transitive. 

Clearly, (2) implies (3) even in nonautonomous discrete dy- 

namical systems. The next example shows that (1) ⇒ (3) and (1) 

⇒ (2) are false for a NDS. Given two points (a, b) , (c, d) ∈ R 

2 , 

[(a, b) , (c, d)] stands for the segment whose endpoints are ( a, b ) 

and ( c, d ), respectively. 

Example 3.2. There is a NDS ( I , f ∞ 

) which is weakly mixing, but 

(K(I ) , f ∞ 

) is not transitive. 
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