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a b s t r a c t 

In this paper, the existence and uniqueness theorems are proved for the linear and non-linear fractal 

differential equations. The fractal Lipschitz condition is given on the F α-calculus which applies for the 

non-differentiable function in the sense of the standard calculus. More, the metric spaces associated with 

fractal sets and about functions with fractal supports are defined to build fractal Cauchy sequence. Fur- 

thermore, Picard iterative process in the F α-calculus which have important role in the numerical and 

approximate solution of fractal differential equations is explored. We clarify the results using the illustra- 

tive examples. 

© 2016 Elsevier Ltd. All rights reserved. 

1. Introduction 

Fractional calculus involves derivatives and integrals with arbi- 

trary orders applied in the problem of tautochrone, hydrogeology, 

viscoelasticity, non-conservative systems, heat conduction, anoma- 

lous diffusion models, chaotic systems, control theory, and etc 

[1–10] . Flow of the n-layers of viscous and heterogeneous liquid 

leads to the Newton’s equation with the memory [11] . The box 

dimension of the fractal curves such as Weierstrass function has 

connection with order of local fractional differentiability. In the 

Levy distribution, the critical order of the characteristic function 

is related to Levy index [12] . A fractional system is suggested and 

the minimum effective dimension is derived. Meanwhile, the syn- 

chronization of two identical and nonidentical fractional systems 

utilizing the active control is explored [13] . In view of the causality 

principle and modeling of the sub-diffusive processes, the local 

fractional Fokker–Planck equation is derived using the Chapman–

Kolmogorov condition [14,15] . Global existence and boundedness 

of solutions of a certain nonlinear integro-differential equation 

are presented [16,17] . Fractals are the geometrical shape with the 

fractal dimension which is bigger than their topological dimension. 

The techniques and methods to create analysis on the fractal sets 
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and curves are studied by many researchers [18–20] . Recently, 

in the seminal paper F α-calculus which involves the fractional 

local derivatives on the Cantor set and fractal curves have been 

established. The F α-calculus is algorithmic which is useful is in 

the application [21–24] . The F α-calculus which is a mathematical 

framework is applied to model the classical and quantum mechan- 

ics equations and Maxwell’s equations on the fractal space-time 

[25–28] . Diffraction pattern for the case of the grating triadic 

Cantor sets is derived [29] . The Henstock–Kurzweil integration 

method is generalized for the unbounded and singular functions 

with the fractal support [30] . The non-local fractal derivatives are 

defined on the fractal Cantor set which is a mathematical model 

for the processes with memory effect on fractals [31] . 

The plan of the paper is as follows: 

In Section 2 , we have reviewed the F α-calculus. In the third 

section we proceed with the study of existence and unique- 

ness theorems for linear fractal differential equations whose so- 

lutions are non-differentiable in the sense of standard calculus. In 

Section 4 we have indicated fractal Lipschitz conditions within F α- 

calculus and corresponding definitions and theorems are given. The 

fractal Picard iteration method is extended to the case of the F α- 

calculus in Section 5 . Finally, in Section 6 , we have conclusion of 

the paper. 
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Fig. 1. We plot the iteration for the creation of the fractal Cantor set. 

2. Basic tools in the fractal calculus 

In this section, we summarize F α-calculus without proofs [21] . 

2.1. The mass function and the integral staircase 

If F is a fractal set, then it is the subset of I = [ a, b] , a, b ∈ � 

(Real-line). The flag function for F is shown by θ ( F, I ) and is defined 

[21] , 

θ (F , I) = 

{
1 if F ∩ I � = ∅ 
0 otherwise . 

(1) 

In Fig. 1 we show the iteration for the establishing of the fractal 

Cantor set with the dimension α = 0 . 6 . The integral staircase func- 

tion S α
F 
(x ) of order α for a fractal set F is defined in [21] by 

S αF (x ) = 

{
γ α(F , a 0 , x ) if x ≥ a 0 
−γ α(F , a 0 , x ) otherwise , 

(2) 

where a 0 is an arbitrary real number. 

A point x is a point of change of a function f if f is not constant 

over any open interval ( a, d ) involving x . The set S ch f is called the 

points of change of f [21] . 

The γ -dimension of F ∩ [ a, b ] is 

dim γ (F ∩ [ a, b]) = inf { α : γ α(F , a, b) = 0 } 
= sup { α : γ α(F , a, b) = ∞} . (3) 

In Fig. 2 we present the integral staircase function S α
F 
(x ) . If S ch (S α

F 
) 

is a closed set and every point in it is limit point, so that S ch (S α
F 
) 

is called α-perfect. For the F-limit and the F- continuity definitions 

we refer the reader to [21] . 

2.2. F α- differentiation 

If F is an α-perfect set, then the F α-derivative of f at x is [21] 

D 

α
F f (x ) = 

{
F − lim y → x 

f (y ) − f (x ) 
S α

F 
(y ) −S α

F 
(x ) 

, if , x ∈ F , 

0 , otherwise . 
(4) 

if the limit exists. 

2.3. Fundamental theorem of F α-calculus 

For a bounded function f on F ∩ [ a, b ], the fractal integral is de- 

fined as [21] 

g(x ) = 

∫ x 

a 

f (y ) d αF y, (5) 

for all x ∈ [ a, b ] and 

D 

α
F g(x ) = f (x ) χF (x ) . (6) 

Suppose f : F → R is F α-differentiable function and S ch ( f ) is con- 

tained in an α-perfect set F . 

If h : F → R is F -continuous function, then we have 

D 

α
F f (x ) = h (x ) χF (x ) . (7) 

It follows that ∫ x 

a 

h (x ) d αF x = f (b) − f (a ) . (8) 

The important formulas of the F α-calculus [21] : ∫ y 

0 

(S αF (x )) n d αF x = 

1 

n + 1 

( S αF ( y )) 
n +1 , (9) 

D 

α
F (S αF (x )) n = n (S αF (x )) n −1 χF (x ) , (10) 

∫ b 

a 

(a f (x ) + bg(x )) d αF x = a 

∫ b 

a 

f (x ) d αF x + b 

∫ b 

a 

g(x ) d αF x, (11) 

D 

α
F (a f (x ) + b g(x )) = a D 

α
F f (x ) + b D 

α
F g(x ) , (12) 

D 

α
F c = 0 if c is constant , (13) 

D 

α
F (u (x ) v (x )) = (D 

α
F u (x )) v (x ) + u (x )(D 

α
F v (x )) . (14) 

Here, our main results are stated by following definitions: 

Definition 1. If F with distance d : T 
γ

F 
= F × F → � , then 

d αF (S αF (x ) , S αF (y )) = | S αF (x ) − S αF (y ) | (15) 

is called metric space associated with fractal sets and indicate by 

X α
F 

( Fig. 3 ). 

Definition 2. The sequences associated with fractal sets { S α
F k 
(x ) , k = 

1 , 2 , 3 , . . . } in a metric space X α
F 

converges to S α
F 
(x ) if we have 

lim 

k →∞ 

d αF (S αF k (x ) , S αF (x )) = 0 . 

Definition 3. The sequences associated with fractal sets { S α
F k 
(x ) , k = 

1 , 2 , 3 , . . . } such that for every ε > 0 there exist some N such that 

m , n > N as 

d(S αF m (x ) , S αF n (x )) < ε, 

is called a Cauchy sequence associated with fractal sets. 

Definition 4. A metric space X α
F 

is called complete if every Cauchy 

sequence associated with fractal sets converges to an element of 

X α
F 

. 

Definition 5. The uniform norm of a function f on a fractal set is 

defined by 

|| f || αF = sup 

x ∈ F 
| f (S αF (x )) | . (16) 

Definition 6. The sequence of functions with the fractal support f n 
converges uniformly to a function f with the fractal support if we 

have 

F − lim 

n →∞ 

|| f n − f || αF = F − lim 

n →∞ 

sup 

x ∈ F 
| f n (S αF (x )) − f (S αF (x )) | = 0 . 

(17) 

Definition 7. Suppose C α
F 
(X α

F 
∈ [ a, b] , [ c, d]) which indicates the 

space of F -continuous functions f : F → [ c, d ]. Namely, the F - 

continuous functions whose graphs lie inside the rectangle R = 

[ a, b] × [ c, d] . One builts the C α
F 
(X α

F 
∈ [ a, b] , [ c, d]) into a metric 

space by defining 

d αF ( f, g) = || f − g|| αF . (18) 
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