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Let m, r, k be three positive integers. Let G be a graph with vertex set V(G) and edge set E(G), and let
f: V(G) — N be a function such that f(x) > (k+2)r — 1 for any x € V(G). Let Hy, H,, ..
disjoint mr-subgraphs of a graph G. In this paper, we prove that every (0, mf — (m — 1)r)-graph admits a
(0, f)-factorization randomly r-orthogonal to each H; (i=1,2,...,k).
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1. Introduction

Many real-world networks can conveniently be modelled by
graphs or networks. Examples include the World Wide Web with
nodes and links modelling Web pages and hyperlinks between
Web pages, respectively, or a communication network with nodes
presenting cities, and links corresponding to communication chan-
nels, or a railroad network with nodes and links modelling railroad
stations and railways between two stations, respectively. Orthogo-
nal factorizations in graphs or networks have attracted a great deal
of attention [3,5-9,11-13] due to their applications in combinato-
rial design, network design, circuit layout, and so on. For example,
Euler [2] first found that a pair of orthogonal Latin squares of order
n is equivalent to two orthogonal 1-factorizations of a complete bi-
partite graph Ky ». A Room square of order 2n is related to the or-
thogonal 1-factorization of a complete graph K,, which was first
presented by Horton [4]. Many other applications in this field can
be found in a current survey [1]. It is well known that a graph can
represent a network. Vertices of the graph correspond to nodes of

* This work is supported by the National Natural Science Foundation of China
(Grant No. 11371009, 11501256, 61503160) and the National Social Science Foun-
dation of China (Grant No. 14AGL001) and the Natural Science Foundation of Xin-
jiang Province of China (Grant No. 2015211A003), and sponsored by 333 Project of
Jiangsu Province.

* Corresponding author.

E-mail address: zsz_cumt@163.com (S. Zhou).

http://dx.doi.org/10.1016/j.chaos.2016.10.019
0960-0779/© 2016 Elsevier Ltd. All rights reserved.

the network, and edges of the graph correspond to links between
the nodes in the network. Henceforth we use the term graph in-
stead of network.

In this paper, all graphs considered will be finite undirected
graphs without loops or multiple edges. Let G be a graph. We de-
note its vertex set and edge set by V(G) and E(G), respectively. For
arbitrary x € V(G), dg(x) denotes the degree of x in G. Let g, f: V(G)
— N be two functions such that g(x) < fx) for arbitrary x € V(G).
A spanning subgraph F of a graph G with g(x) < dr(x) < flx) for
every x € V(G) is called a (g, f)-factor of G. Especially, G is said to
be a (g f)-graph if G itself is a (g f)-factor. A (g f)-factorization
F={F.E,...,E,} of a graph G is a partition of E(G) into edge-
disjoint (g, f)-factors Fy;, F,, ..., Fn. A subgraph H of a graph G
is called an m-subgraph if H admits m edges in total. Let H be
an mr-subgraph of a graph G and F = {F,E,....Fy} be a (g f)-
factorization of a graph G. A (g, f)-factorization F = {F, B, ..., Fn}
is r-orthogonal to H if |[E(F) NE(H)|=r for 1 < i < m. We say
that a graph G admits (g, f)-factorizations randomly r-orthogonal
to H if for arbitrary partition {A;, Ay, ..., Am} of E(H) satisfying
|A;| =1, there is a (g, f)-factorization F = {F,E, ..., E;} of a graph
G with A;CE(F;),i=1,2,...,m. It is easy to see that randomly 1-
orthogonal is equivalent to 1-orthogonal and 1-orthogonal is also
said to be orthogonal.

Alspach et al. [1] introduced orthogonal factorizations of graphs
and presented the following question: Given a subgraph H of a
graph G, does there exist a factorization F of a graph G of certain
type orthogonal to H?
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Li and Liu [6] justified that every (mg+m—1,mf—-m+1)-
graph G has a (g, f)-factorization orthogonal to arbitrary given m-
subgraph. Li, Chen and Yu [5] proved that for every (mg+k, mf —
k)-graph G and its arbitrary given k-subgraph H, there exists a
subgraph R which has a (g, f)-factorization orthogonal to H. Li
and Liu [7] verified that for every (mg+ kr, mf — kr)-graph G and
its arbitrary given kr-subgraph H, G includes a subgraph R such
that R admits a (g, f)-factorization r-orthogonal to H. Liu and Zhu
[9] showed that every bipartite (mg+m—1,mf —m+ 1)-graph
has (g f)-factorizations randomly r-orthogonal to any given mr-
subgraph if flx) > g(x) > r for arbitrary x € V(G). Liu and Long
[8] showed that every (mg+m — 1, mf —m + 1)-graph G admits a
(g, f)-factorization randomly r-orthogonal to any given subgraph
H with mr edges if f(x) >g(x) >2r—1 for arbitrary x € V(G).
Zhou and Zong [13] proved that every (0, mf — (m — 1)r)-graph G
has a (0, f)-factorization randomly r-orthogonal to any given mr-
subgraph H if f(x) > 3r — 1 for each x € V(G).

Theorem 1 (Zhou and Zong [13]). Let G be a (0, mf — (m — 1)r)-
graph, and let f be an integer-valued function defined on V(G) such
that f(x) >3r—1 for all x € V(G), and let H be an mr-subgraph of
G. Then G has a (0, f)-factorization randomly r-orthogonal to H.

In this paper, we consider the more general problem: Given k
vertex-disjoint mr-subgraphs Hy, Ho, ..., H, of a graph G, does there
exist a factorization F randomly r-orthogonal to every H; (1 < i < k)?

We show that this question above is true by the following theorem
which is an extension of Theorem 1.

Theorem 2. Let m, 1, k be three positive integers, and let G be a
(0, mf — (m — 1)r)-graph, and let f be an integer-valued functions de-
fined on V(G) satisfying f(x) > (k+ 2)r — 1 for arbitrary x € V(G). Let
Hq, Hy, ..., H, be k vertex disjoint mr-subgraphs of G. Then G has a
(0, f)-factorization randomly r-orthogonal to every H;, 1 <i < k.

2. Preliminary lemmas

Let S and T be two disjoint vertex subsets of G. We denote the
set of edges with one end in S and the other in T by Eg(S, T),
and write eg(S, T) = |Eg(S, T)|. For Sc V(G) and A C E(G), G[S] and
G[A] are two subgraphs of a graph G induced by S and A, respec-
tively. We write G—S=G[V(G)\S] and G—A = G[E(G) \ A]. For
any function ¢ defined on V(G), we write ¢(X) =3, x ¢ (x) and
@(9) =0, where X< V(G). Especially, dg(X) = Y ,x dc(X).

Let g f: V(G) — N be two functions defined on V(G) with
g(x) < fix) for every x € V(G). If C is a component of G— (SUT)
with g(x) = f(x) for every x € V(C), then we call that C is odd or
even in terms of eg(T,V(C)) + f(V(C)) being odd or even, respec-
tively. We write hg(S, T) for the number of the odd components
of G- (SUT). In 1970 Lovasz [10] used the symbol 64(S, T; g f)
for the expression f(S) +dg_g(T) —hg(S,T) —g(T), and found that
6¢(S, T; g f) = 0 is a necessary and sufficient condition for the ex-
istence of a (g, f)-factor in a graph G.

Lemma 2.1 (Lovasz [10]). Let G be a graph, and g, f: V(G) — N be
two functions defined on V(G) with g(x) < fix) for any x € V(G). Then
G admits a (g, f)-factor if and only if

3(S.T;g,f) =0
for arbitrary two disjoint vertex subsets S and T of G.

Note that if g(x) < fix) for all x € V(G) then hg(S,T) =0. Let S
and T be two disjoint vertex subsets of G, and let E; and E, be two
disjoint edge subsets of G. Define

D=V(G) - (SUT), ES)={xyecEG):x,yeS}
and

E(T)={xy €cE(G) :x,y € T},

Set

E| =E,NE(S). E/=E NE(S. D).

E, = E, NE(T). EJ=E,NnE(T.D).

a(S. T Er. Ep) = 2|Eq| + |[E{|.  B(S.T:Er. E2) = 2|E)| + |E3].

Under without ambiguity, «(S, T; Eq, E;) and B(S, T; Eq, E;) are
written as « and 3, respectively.

By using Lemma 2.1, Li and Liu [6] justified the following result,
which is very useful for verifying Theorem 2.

Lemma 2.2 (Li and Liu [6]). Let G be a graph, and g, f: V(G) — N
be two functions defined on V(G) with 0 < g(x) < flx) < dg(x) for
every x € V(G). Let E; and E, be two disjoint edge subsets of G. Then
G admits a (g, f)-factor F with E; CE(F) and E; N E(F) = ¢ if and only
if
5¢(S.T; 8 f) = f(S) +dgs(T) — g(T)
> (S, T; E1, E2) + B(S, T; E1, Ez)

for arbitrary two disjoint vertex subsets S and T of G.

In the following, we always assume that G is a (0, mf — (m —
1)r)-graph, where m, r are two positive integers. For each (0, f)-
factor F; and each isolated vertex x of G, we have dr. (x) = 0, which

implies that the required condition is satisfied. Therefore, we may
assume that G has no isolated vertices. Set

p(x) = max{0, dg(x) — (m — 1) f(x) + (m - 2)r}

and

q(x) = min{f(x), dc(x)}

for every x € V(G). In terms of the definition of p(x) and q(x), it is
obvious that 0 < p(x) < q(x) < fix) for every x € V(G). For any x e
V(G), we write

8100 = - do(x) — p0)

and
82 () = 9 — - dg ().

Lemma 2.3 (Li and Liu [6]). For arbitrary two disjoint subsets S and
T of V(G), the following equality holds

5c(S.T: p.q) = Ay(T) + Ay (S) +

-1 1
o dg_s(T) + adcfr(s)-

3. Proof of Theorem 2

Let G be a graph, and let f: V(G) — N be a function defined
on V(G) with f(x) > (k+2)r —1 for arbitrary x € V(G). Let Hy, Ho,
..., H, be k vertex-disjoint mr-subgraphs of a graph G. We choose
any A; CE(H;) satisfying |A;j| =r,i=1,2,...,k Set E; = Uf‘:] A; and
E; = (UX, E(H;)) \ Ey. It is obvious that |E;| = kr and |E;| = (m —
1)kr. For two disjoint subsets S, T< V(G), we define E{. E{.E}, EJ, o
and B as in Section 2. In terms of the definitions of @ and S, we
obtain

o < min{2kr, r|S|}
and
B < min{2(m — 1)kr, (m — 1)r|T|}.

The definitions of p(x), q(x), A{(x) and A,(x) are identical to that
in Section 2. In order to justify Theorem 2, we first verify the fol-
lowing lemma which is very useful for proving Theorem 2.
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