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1. Introduction

The claim (ii) in Proposition 6.7 of [1] is incorrect, as next Example 2.3 will make clear. As a consequence, the claim (iii)
in Proposition 6.7 and Corollary 6.9 are false as well, whilst Proposition 6.8 must be replaced by a slightly weaker statement
(see Proposition 2.4). All results stated in Sections 2 to 5, in Subsections 6.1 to 6.3, and in Section 7 hold true, and their
proofs remain unchanged; also the final part of Section 6.4, after the proof of Corollary 6.9, remains valid as it stands. In the
Introduction, the sentence “the fibres of the direct sum of (copies of) the cotangent bundle classify the sheaves away from
the line at infinity” [1, p. 2] has to be replaced by the sentence “each fibre of the direct sum of (copies of) the cotangent
bundle can be identified with the vector space Exty, . (0%, O, (E)®?)".

If not otherwise stated, the notation is the same as in [1]. For the reader’s convenience, we briefly recall which is the
setting we are working in. We denote by X, the n-th Hirzebruch surface, which can be defined as the projective closure
of the total space of the line bundle Op1(—n); we assume the condition n > 0. The fibre of the natural ruling ¥, — P!
determines a class F € Pic(X,) and we denote by H and E the classes of sections squaring, respectively, to n and —n. As it
is well-known, Pic(X,) is freely generated on Z by H and F; we put Oy, (p, q) = Ox,(pH + gF). We fix a “line at infinity”,
£s, ~ P!, belonging to the class H and not intersecting E. A framed sheaf on X, is a pair (€, ), where £ is a rank r torsion-free
sheaf trivial along ¢, and 6 : €], = (’)2‘9; is an isomorphism. Notice that the condition of being trivial at infinity implies
C]((C/‘) x E.

The moduli space M"(r, a, c) parameterizing isomorphism classes of framed sheaves (&, ) on X, with Chern character
ch(&) =y = (r,aE, —c — %naz) has been extensively studied in [1-3]. It is a fine moduli space, which is nonempty if and
only if

na(1l —a)
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na(1—a)

When the lower bound of the inequality (1.1) is attained, the moduli space M"(r, a, =

explicit form.

) has a particularly simple and

Theorem 1.1 (= [1, Theorem 6.2]). There are isomorphisms

n na(l1—a)\ _ [Gr(a,r) ifn=1;
M (r, a, 2 |1V Gr(a, r)®! ifn>2,

where Gr(a, r) is the Grassmannian of a-planesin C'.

The main result we shall prove in the next section - sc. Proposition 2.5 - provides a description of the fibre T Gr(a, ryen-1
for each V € Gr(a, r), as the space of isomorphism classes of extensions of the form

0——= V@05, (E) —= & —— (C"/V) ® 05, — 0

2. A description of the fibre T,/ Gr(a, r)®n-1

Let us recall that, if a torsion-free sheaf £ on X, is trivial at infinity and satisfies the “minimality” condition (1.1), then it
is locally free. These sheaves can be explicitly realized as extensions.

Proposition 2.1. (= [1, Proposition 6.7(i)]) A torsion-free sheaf & is trivial at infinity and satisfies condition (1.1) if and only if
it fits into an extension of the form

0—> 05, (B — > L0250 (2.1)

for some integersr > 0and0 <a <.

The following result replaces the erroneous claim [ 1, Proposition 6.7(ii)].

Proposition 2.2. Two vector bundles £ and &' which are trivial at infinity and satisfy condition (1.1) are isomorphic if and only
if they fit into extensions of the form (2.1) which are isomorphic as complexes.

Proof. The “if” part is trivial. To prove necessity, we have to distinguish the case n = 1 from the casen > 2. Whenn = 1, [2,
Lemma 3.1] implies that
Ext, (0% Ox,(E)*) =0.

It follows that all extensions of the form (2.1) split, and this proves the claim in this case. Let us assume n > 2 and let £ and
£’ be two isomorphic vector bundles which are trivial at infinity and satisfy condition (1.1). As shown in [1, § 6.1], £ is the
cohomology of a monad of the form

0—> 0x,(1, 12 g 0¥ —L s oy (1,0020-1 g, (2.2)

where B is surjective (therefore, £ ~ ker 8); analogously for £'. By [2, Lemma 4.7], an isomorphism A : £ — &' lifts
uniquely to an isomorphism of monads. We proved in [1, § 6.3] that such an isomorphism is uniquely determined by an

invertible matrix gg g) where A € GL(a, C) and C € GL(r — a, C). By using the diagram [ 1, eq. (6.18)] it can be shown that

there is an induced diagram
00— 05, (B — > L s ofr— 0

0 —— Oy, (E)®
which is commutative. O

Example 2.3. It should be pointed out that two isomorphic complexes of the form (2.1) may fail to be isomorphic as
extensions. Indeed, if £ fits into an extension of the form (2.1), of course it fits also into the extension

0 —— Oy, (E)®° M e P O?;_a —0, (2.3)

for any A € C*. It is easy to see that the two sequences (2.1) and (2.3) are isomorphic as complexes, but, if . # 1, not as
extensions. O
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