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a b s t r a c t

We show that equivariant Donaldson polynomials of compact toric surfaces can be calcu-
lated as residues of suitable combinations of Virasoro conformal blocks, by building on AGT
correspondence between N = 2 supersymmetric gauge theories and two-dimensional
conformal field theory.
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1. Introduction

A link between N = 2 supersymmetric gauge theories in four dimensions and Donaldson invariants, classifying differ-
entiable structures on four-manifolds, has been established since the seminal paper by Witten [1]. Here we exploit recent
progresses both in the formulation of supersymmetric quantum field theories on curved spaces and in equivariant local-
ization applied to supersymmetric path integrals in order to provide a direct computation of equivariant Donaldson poly-
nomials for compact toric surfaces along the lines suggested by [2]. A crucial new ingredient along this path is provided by
the correspondence between supersymmetric field theories in four dimensions and two-dimensional conformal field theo-
ries [3]. Indeed, our final result is that equivariant Donaldson polynomials on a compact toric manifold X can be expressed
as residues of suitable combinations of Virasoro conformal blocks. This follows from the fact that the supersymmetric path
integral reduces to a contour integral over a product of toric patches contributions given by Nekrasov partition functions [4].
These latter depend on the weights of the toric action through effective Omega-background parameters and correspond to
Virasoro conformal blocks whose central charge depend on these parameters. The integration variable is the v.e.v. of the
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scalar field of the N = 2, d = 4 vector multiplet, which on compact manifolds is a normalizable mode to be integrated over
in the space of admissible classical BPS solutions. The latter are parameterized also bymagnetic fluxes labeled by an integral
lattice. A subtle issue concerns the allowed values of these fluxes, reflecting the stability conditions to be imposed on the
equivariant vector bundles. We fully solved this problem for X = P2 in [5] and we present here some recent progress on
X = P1

× P1.
We also considermaximally supersymmetric gauge theories and express the resulting partition functions, generating the

Euler characteristics of the moduli spaces of stable equivariant vector bundles, in terms of mock modular forms. It is known
from [6] that these partition functions, labeled by the first Chern class of the bundle, form a non-trivial representation of the
modular group SL(2,Z), obeying an analogue of the Verlinde algebra satisfied by the conformal blocks of rational conformal
field theories in two dimensions.

On the other hand, it is known that knot invariants can be calculated by suitable gluing of Wess–Zumino–Witten
conformal blocks [7]. The result we find here is somewhat analogous in the fact that equivariant Donaldson invariants are
obtained from the gluing of conformal blocks of a non-rational conformal field theory. It would be interesting to further
investigate this analogy for example by considering the insertion of surface operators in the supersymmetric path integral,
which are known to be related to sl(2) conformal blocks [8]. Surface operators in four-dimensions provide indeed co-
boundary operators for knots [9].

2. Supersymmetry on compact manifolds

The symmetry group for theN = 2 supersymmetric theory onR4 is given by the rotation group SO(4) = SU(2)1×SU(2)2
and the R-symmetry group SU(2)R × U(1)R.

The supersymmetry is generated by the operator Q = ξAαQAα + ξ̄Aα̇ Q̄
α̇
A where the generators ξ, ξ̄ are commuting Weyl

spinors of SU(2)1,2 (indices α, α̇) respectively andmoreover both of them transform in the two-dimensional representation
of SU(2)R (index A).

On a generic manifold the covariantly constant condition Dξ = 0 is too restrictive.
The consistency of the N = 2 supersymmetry algebra on a compact four manifold requires [10] that the spinor

parameters have to satisfy the generalized Killing equations

DµξB + T ρσσρσσµξ̄B −
1
4
σµσ̄νDνξB = 0

Dµξ̄B + T̄ ρσ σ̄ρσ σ̄µξB −
1
4
σ̄µσνDν ξ̄B = 0

(1)

and the auxiliary equations

σµσ̄ νDµDνξA + 4DλTµνσµνσ λξ̄A = M1ξA,

σ̄µσ νDµDν ξ̄A + 4DλT̄µν σ̄µν σ̄ λξA = M2ξ̄A,
(2)

where background fields appear: two scalar M1,M2 a self-dual tensor Tµν , an anti-self-dual tensor T̄µν and the connection
of the SU(2)R R-symmetry bundle hidden in the covariant derivatives Dµ.

This is in agreement with the result of [11,12] obtained from supergravity in the spirit of [13,14].

2.1. Four-manifolds admitting a U(1)-isometry and the equivariant topological twist

For a general four-manifold it is always possible to solve the generalized Killing equations at least for one scalar
supercharge (ξ̄ α̇A = δα̇A , ξAα = 0), performing a topological twist [1]. The spinors parameters are sections of the bundles

ξ ∈ Γ

S+

⊗ R ⊗ LR


ξ̄ ∈ Γ

S−

⊗ RĎ
⊗ L−1

R


(3)

where S± are the spinor bundles of chirality ±, R is the SU(2) R-symmetry vector bundle and LR is the U(1) R-symmetry
line bundle. Choosing LR = O to be the trivial line bundle and R = S− realizes the topologically twisted theory, that is
matching the R-symmetry connection with the spin connection of the manifold. For this choice of the R-symmetry bundles,
S+

⊗ S−
∼ T and S−

⊗ S−
∼ O + T (2,+) with T the tangent bundle and T (2,+) the bundle of self-dual two-forms.

If the manifold has a U(1)-isometry generated by the vector field V a more general solution is available [4,12,10].

ξ̄ α̇A = δα̇A , ξAα = Vµ(σµ)αα̇ξ α̇A , T = −
1
32
(dζ )−, T̄ = M1 = M2 = 0, (4)

where ζ is a U(1)-invariant one-form such that ιV ζ = (V , V ).
The supercharge generated by this solution has a scalar Q and a vector-like Qµ component

Q = Q + VµQµ (5)
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