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1. Introduction and motivations

The study of warped product submanifolds of different ambient manifold with constant sectional curvature has been
an active field of research in Riemannian submanifolds theory for years. Especially, Chen in [1,2] inaugurated the idea of
CR-warped product submanifolds in Kaehler manifolds and he constructed the first inequality for the second fundamental
form which is related to the squared norm of warping function. So far, these types of inequalities represent one of the
most fundamental problems regarding the warped product submanifolds. Therefore, many authors have discussed a lot
of interesting geometric properties of these warped product immersions types (for examples see [3-14] and [15-20] for
more details). The beautiful theory of the warped product submanifolds has rich applications in both Riemannian geometry
and semi-Riemannian geometry. Until now, the concept of warped product has been playing a crucial role in the theory of
general relativity which provides the best mathematical model of the universe. The warped product model was successfully
applied in general relativity and semi-Riemannian geometry in the direction to build basic cosmological models such as the
Robertson-Walker spacetime, the Friedmann cosmological model and the standard static spacetime [21].
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It is well known that the branch of warped product manifolds comes into light after initiated by Bishop and O’Neill [22]
as a simple generalization of Riemannian product manifolds. According to them, these manifolds are defined as follows:

Definition 1.1. Let (N1, g1) and (N3, g ) be two Riemannian manifolds and f : N; — (0, co), a positive differentiable function
on Nj. Consider the product manifold Ny x N, with its canonical projections y; : Ny X N, — Ny, 32 : N; X N — N, and the
projection maps given by y4(t, s) = t and y;(t, s) = s forevery [ = (t, s) € Ny x N,.The warped product M = N; XN, is the
product manifold N; x N, equipped with the Riemannian structure such that

IX12 = llyr * (U + F20n(0))lmz * (XN, (1.1)

for any tangent vector X € 2°(T;M), where x is the symbol of differential maps and g = g; + f2g> is the Riemannian metric
on M. Thus the function f is called a warping function of M.

The following lemma can be seen as a direct consequence of the warped product manifolds:

Lemma 1.1 ([22]). Let M = N;x; N, be a warped product manifold. Forany X,Y € 2 (TN;)and Z, W € 2°(TN,), we have

(i) VxY € 27(TNy),
(i) VX = VyZ = (XInf)Z,
(iii) V;W = V,W —g(Z, W)V Inf,

where V is the Levi-Civita connection on M and V Inf is the gradient of Inf which is defined as g(V Inf,U) = U Inf.

Now we will give the following definition based on the above lemma,

Definition 1.2. A warped product manifold M = N; xs N, is said to be trivial if the warping function f is constant or in other
words, a warped product manifold M = Nj x; N, is called simply a Riemannian product if f is constant function on M.

Definition 1.3. If M = N; x;N, is a warped product manifold, then N;(N) are called totally geodesics (or totally umbilical
submanifold) of M, respectively.

By the isometrically embedding theorem of J. F. Nash [23] we know that every Riemannian manifold can be isometrically
immersed into an Euclidean space with sufficiently high dimension. Afterward, followed the concept of Nolker [24], Chen
in [7] developed a sharp inequality under the name of another general inequality in a CR-warped product NJf x; N in a
complex space form M™(4c) with a holomorphic constant sectional curvature 4c by means of Codazzi equation satisfying
the relation

o)l < 2P(IIVlﬂfll2 + A(Inf) +4hc),

where h = dimcNyr, p = dim N, and o is the second fundamental form. Therefore, it is called Chen’s second inequality of
the second fundamental form. Inspired by these studies, other geometers in [8,10,11,25] obtained some sharp inequalities
for the squared norm of the second fundamental form, which is an extrinsic invariant, in terms of the warping function for
the contact CR-warped products isometrically immersed in both a Sasakian space form and a Kenmotsu space form using
the same techniques by taking equation of Codazzi. Some classifications of contact CR-warped products in spheres which
satisfy the equality cases identically are given.

After the slant immersion concept was introduced in [26,27] and corresponding slant curve studied in [28,29], this impose
significant restrictions on the geometry of its generalization. Therefore, the warped product semi-slant submanifold might
be regarded as the simplest generalization of CR-warped product submanifolds. For instance, the warped product semi-
slant submanifold does not admits non-trivial warped product in some ambient manifolds (see [30,31]). Moreover, in [6],
M. Atceken studied the non existence of warped product semi-slant submanifolds of a Kenmotsu manifold for which the
structure vector £ is tangent to fiber. Meanwhile, the existence of warped product semi-slant submanifold of a Kenmotsu
manifold of the form M = NyxsNy or M = Ny x; Ny, in the case that the structure vector field £ is tangent to Ny or Ny
respectively, has been proved in [32,33]. They have obtained lots of examples on the existence of the warped product semi-
slant products in a Kenmotsu manifold and derived many general inequalities for the second fundamental form in terms of
warping functions.

Consequently, there was a difficulty to describe the differential geometric properties and to establish a relation between
the squared norm of the second fundamental form and warping functions in terms of slant immersions by using Codazzi.
Applying a new method under assumption of the Gauss equation instead of the Codazzi equation, we establish a sharp general
inequality for the warped product semi-slant submanifolds which are isometrically immersed into a Kenmotsu space form
as a generalization of the contact CR-warped products. To do these, we consider a non-trivial warped product semi-slant
submanifold of the type M" = N;'x; N,? in a Kenmotsu manifold and obtain the following result.

Theorem 1.1. Assume that x : M" = N}” fogz — 1\712"’“(C) is an isometric immersion of a warped product semi-slant
N;' x; N2 into a Kenmotsu space form M*™+1(c). Then
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