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a b s t r a c t

Sigmoid semilogarithmic functions with shape of Boltzmann equations, have become extremely popular
to describe diverse biological situations. Part of the popularity is due to the easy availability of software
which fits Boltzmann functions to data, without much knowledge of the fitting procedure or the sta-
tistical properties of the parameters derived from the procedure. The purpose of this paper is to explore
the plasticity of the Boltzmann function to fit data, some aspects of the optimization procedure to fit the
function to data and how to use this plastic function to differentiate the effect of treatment on data and to
attest the statistical significance of treatment effect on the data.
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1. Introduction

Some thoughts and some equations transcending their great-
ness, also transcend their purpose. During the last quarter of the
XIX century Ludwig Boltzmann (Moore (1972), Ch. 9) derived an
equationwhich predicts the proportion Nj particles, in an ensemble
of N non interacting particles, that are in a state with particle en-
ergy εj

Nj

N
¼ e�εj=kTPNj

j¼1e
�εj=kT

¼ e�εj=kT

zðTÞ (1)

where zðTÞ is called the particle partition function or when dealing
with molecules, the molecular partition function. When only two
energy levels are dealt with, the ratio of N0 particles in energy level
ε0 with N1 particles in energy level ε1 predicted by equation (1) is

N1

N0
¼ e�ðε1�ε0Þ=kT : (2)

In an extension of eq, (1) for degenerate systems (when more
then one states εj have the same energy) a statistical weight, gj
equal to the number of superimposed levels, is included. Then

Nj

N
¼ gje

�εj=kTPNj

j¼1gje
�εj=kT

: (3)

Which is the Boltzmann distribution law in its most general form.
The average kinetic energy is

ε ¼
PNj

j¼1NjεjPNj

j¼1Nj

¼
PNj

j¼1εjgje
�εj=kTPNj

j¼1gje
�εj=kT

¼ kT2
�
vlnz
vT

�
V
: (4)

The middle term in Eq. (4) includes the statistical weights gi
which account for, so called, degenerate levels. The molecular
partition function is useful only when the system of interest can be
considered to be made up of noninteracting particles, molecules
with no appreciable intermolecular forces. Only then, canwe define
and enumerate the states of the system in either terms of quantum
mechanical energy states of individual molecules, or classical po-
sitions and moments of individual molecules. When interactions
between molecules occur, the description of the states of the sys-
tem must include potential energy terms, such as UðrijÞ, which are
functions of intermolecular distances.

Equation (1) may be rewritten for ensembles of interacting
particles as

pj ¼
Nj

N
¼ e�Ej=kTPNj

j¼1e
�Ej=kT

¼ e�Ej=kT

ZðTÞ (5)

where Ej ¼ 1
2mv2 þ Uj, m is the particle mass, v is velocity and Uj is

potential energy. Equation (5) is the Maxwell-Boltzmann distribu-
tion function. If there are only two possible states in the system Eq.
(5) becomes

p1
p1 þ p2

¼ e�E1=kT

e�E1=kT þ e�E2=kT
0p1 ¼ 1

1þ e�ðE2�E1Þ=kT : (6)

When dealing with cell membranes, a Boltzmann equation is
expressed as free energy in voltage units (the electrical potential
difference existing across cell membranes) in general the form used
looks like

B ¼ 1
1þ e�ðV2�V1Þ=k (7)

where V is used to more clearly specify that we deal with electrical
potential differences, k is customarily referred to as “slope factor”
(see for example Peigneur et al. (2012)). Since these situations deal
with ensembles of particles the “slope factor” is usually parame-
trized k ¼ RT=zFz25:4 mV, at room temperature if: the ionic
valence, z¼ 1, F is the Faraday constant, R is the gas constant and T is
the absolute temperature. In electrophysiology, an equation of the
form (7) was introduced for the first time by Hodgkin and Huxley
(1952a, 1952b) (H&H for brevity), and was used to describe the
distribution, inside or outside axons, of hypothetical particles
associated with Naþ and Kþ currents crossing the nerve membrane.
Since the Hodgkin and Huxley (1952b) work was seminal for
electrophysiology, a plethora of papers have used Boltzmann
functions in connection with electrical properties of cells and iso-
lated ionic channels (Sakmann and Neher, 1984). In electrophysi-
ology, however equation (7) is modified (Hodgkin and Huxley,
1952a), V2 represent cell trans membrane potential (membrane po-
tential for short) expressed plainly as V and since Eq. (7) takes
values between 0 and 1, V2 is taken as the membrane potential
where B ¼ 0:5 and is usually termed V1=2, Eq. (7) thus becomes

B
�
V
���V1

2
; k
�
¼ 1

1þ e�ðV�V1=2Þ=k : (8)

When Eq. (8) is used in the original fashion of H&H, to represent
trans membrane distribution of some charged particle, B is
expressed in respect to the potential at which 50% of the particles
are in one side of themembrane, and 50% is at the other side. Eq. (8)
is thus reduced to a situation where a dependent variable Bmay be
fitted by some nonlinear optimization procedure to an independent
variable V (usually expressed in mV) using Eq. (8). The optimization
procedure enables to estimate the parameters V1=2 and k. In H&H
work (Hodgkin & Huxley (1952a), pg 501, Eq. (1)),

hsteady state ¼ 1
1þ e�ðV�VhÞ=7 (9)

which is presented here with post H&H membrane potential sign
conventions. Vh was estimated to be close to the resting membrane
potential. H&H also used a Boltzmann function to estimate prop-
erties of hypothetical particles gating or triggering the mechanism
controlling Naþ conductance in nerve (Hodgkin and Huxley,1952b),
PART I, pp. 503e504] the form of the Boltzmann function in this
case was

“When a finger points at the moon, one must not mistake the finger with the
moon.”

Old Zen Buddhist advice.

“With four parameters I can fit an elephant and with five I can make him wiggle his
trunk.”
Attributed to J. Von Neuman (Dyson, 2004).
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