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A new method for the design of robust minimax far-field broadband beamformers with optimized 
microphone positions is proposed. The method is formulated as an iterative optimization problem 
where the maximum passband1 magnitude response error is minimized and the microphone positions 
are optimized while ensuring that the minimum stopband attenuation is above a prescribed level. To 
maintain robustness, we constrain a sensitivity parameter, namely, the white noise gain, to be above 
prescribed levels across the frequency band. An additional feature of the method, which is quite useful 
in certain applications, is that it provides the capability of constraining the gain in the transition 
band to always lie below the maximum gain in the passband. Performance comparisons with existing 
methods show that the optimization of the microphone positions results in beamformers with superior 
performance.

© 2014 Elsevier Inc. All rights reserved.

1. Introduction

Microphone arrays are widely used in speech communication 
applications such as hands-free telephony, hearing aids, speech 
recognition, and teleconferencing systems. A technique that is 
widely used with microphone arrays to enhance a speech signal 
from a preferred spatial direction is beamforming [1]. In general, 
the beamforming approach can be fixed or adaptive, depending 
upon whether the spatial directivity pattern is fixed or varies adap-
tively on the basis of incoming data. Though adaptive beamforming 
performs better when the acoustic environment is time-varying, 
fixed beamforming is preferred in applications where the direc-
tion of the sound source is fixed, such as in in-car communication 
systems [2] or in hearing aids. In addition, fixed beamformers also 
have lower computational complexity and are easier to implement.

In many beamformer applications, such as in-car communica-
tion systems, voice recognition systems, video conferencing sys-
tems, etc., there is often a need to ensure that the gain across the 
passband has little variation from unity while that in the stop-
band is below a prescribed level. Consequently, for the design of 
such beamformers a straightforward approach is to formulate the 
problem as a minimax optimization problem [3]. In applications 
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1 In this paper, unless explicitly stated, the terms passband, stopband, and transi-
tion band refer to the angular passband, angular stopband, and angular transition band
of the beamformer, respectively.

where high quality speech or audio is desired, a passband with 
good linear-phase characteristics is usually preferred to minimize 
signal distortion.

In broadband beamformer design, better frequency invariance 
can be achieved by arranging the microphone elements non-
uniformly in an optimal manner. This is because the more widely 
separated sensors facilitate better performance at lower frequen-
cies, while the closely spaced ones prevent spatial aliasing at 
higher frequencies. In [4–8], the microphone elements are ar-
ranged in the form of a nested array by appropriately combining 
several uniformly-spaced sub-arrays. Alternatively, in [9–11], the 
microphone positions are obtained by approximating a continu-
ously distributed sensor as a discrete set of filtered broadband om-
nidirectional array elements. In both the methods, the signal from 
each microphone is appropriately filtered to adjust the time delay 
and to prevent spatial aliasing, which happens when the wave-
length of the signal exceeds twice the distance between the ad-
jacent microphones. However, the microphone positions computed 
by using the above methods have two serious drawbacks. The first 
is that the positions are computed on the assumption that the ar-
ray filters can have any length thereby making their performance 
sub-optimal when the prescribed filter length is not sufficiently 
long. The second drawback is the assumption that the array can 
have any length; such an assumption may not be applicable in 
certain applications such as in hearing aids and in-car communi-
cation systems where there are physical constraints on the array 
aperture size. Furthermore, as evident from earlier designs for su-
perdirective narrowband arrays [12–16], broadband beamformers 
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Fig. 1. Filter and sum broadband beamformer.

designed for physically-compact applications can likewise become 
very sensitive to errors in array imperfections and therefore ro-
bustness constraints need to be incorporated in the design [3,
17–23]. In [17–21], the statistics of microphone characteristics are 
taken into account to derive broadband beamformers that are ro-
bust to microphone mismatches, while in [3,22,23] the white noise 
gain (WNG) is incorporated in the design to ensure that the beam-
former is robust to spatial white noise and array imperfections. 
The use of the WNG constraint is not new and has been used in 
earlier beamformer designs to ensure robustness in superdirective 
beamformers [12–14]. More recently, a least-squares approach [24]
that uses mixed stochastic and analytic optimization to synthesize 
both the sensor arrays and filter coefficients for robust wideband 
beamformers has been proposed. In the approach, a trade-off pa-
rameter is provided so that the user can tune the mainlobe width 
and sidelobe energy of the beamformer.

In this paper, we propose a design method where the maxi-
mum passband magnitude response error is minimized and the 
microphone positions are optimized while ensuring that the min-
imum stopband attenuation is above a prescribed level. Although 
the transition region is usually treated as a “don’t care” region, 
in many practical applications excessive gain in this region could 
be undesirable. Our method provides the capability of controlling 
the gain in transition bands so that it does not exceed the maxi-
mum gain in the passband. To maintain robustness, we constrain 
a sensitivity parameter, namely, the white noise gain, to be above 
prescribed levels across the frequency band. The method is for-
mulated as an iterative second-order cone programming problem 
(SOCP) as was done for the design of nearly linear-phase beam-
formers [3] and IIR filters [25,26]. Numerical results on various 
types of beamformers show that the proposed method, with op-
timized microphone positions, results in beamformers with much 
lower maximum passband ripple for the same stopband attenu-
ation when compared with beamformers where the microphone 
positions are fixed and not optimized.

The paper is organized as follows. In Section 2, we describe 
the filter-and-sum beamformer and the associated error formula-
tions of the beamformer response and WNG for a linear array in 
far-field. Then in Section 3, we develop formulations for solving 
the optimization problem. In Section 4, performance comparisons 
between the proposed method and two existing methods for com-
puting the microphone positions are carried out. Conclusions are 
drawn in Section 5.

2. Far-field broadband beamforming

In this paper, we assume a far-field signal impinging on a linear 
microphone array that is realized as a filter-and-sum beamformer, 
as shown in Fig. 1. The microphones are assumed to be omnidirec-
tional and the filters are FIR. If N is the number of microphones 
and L is the length of each filter, the response of the filter-and-sum 
beamformer is given by [3]

B(x,d,ω, θ) =
N−1∑
n=0

ĝ(dn,ω, θ)T xn = g(d,ω, θ)T x (1)

where

xT = [
xT

0 xT
1 · · · xT

N−1

]
(2)

dT = [d0 d1 · · · dN−1] (3)

g(d,ω, θ)T = [
ĝ(d0,ω, θ)T ĝ(d1,ω, θ)T · · · ĝ(dN−1,ω, θ)T ]

(4)

xn = [xn,0 xn,1 · · · xn,L−1]T (5)

ĝ(d,ω, θ) = [
g0(d,ω, θ) g1(d,ω, θ) · · · gL−1(d,ω, θ)

]T
(6)

gl(d,ω, θ) = exp

[
− jω

(
f sd cos θ

c
+ l

)]
(7)

and ω is the frequency in radians, θ is the direction of arrival, c is 
the speed of sound in air, f s is the sampling frequency, dn is the 
distance of the nth microphone from the origin, and xn,l is the lth 
coefficient of the nth FIR filter. If θd is the desired steering angle 
of the beamformer, the WNG of the beamformer is given by [3]

G w(x,d,ω) = |g(d,ω, θd)
T x|2

‖A(ω)x‖2
2

(8)

where

A(ω) = IN ⊗ a(ω)T

a(ω)T = [
1 e− jω · · · e− j(L−1)ω

]T
(9)

and IN is an N × N identity matrix, ⊗ is the Kronecker product, 
and ‖v‖2 is the L2 norm of vector v.

2.1. Passband error

If Bd(ω, θ) is the desired beampattern at a certain frequency 
and direction, the squared magnitude error between the beam-
former response and the desired beampattern is given by

eb(z,ω, θ) = ∣∣B(x,d,ω, θ)
∣∣2 − ∣∣Bd(ω, θ)

∣∣2
(10)

where

zT = [
xT dT ]

(11)

If zk is the value of z at the start of the kth iteration and δ is the 
update to zk , the updated value of the squared magnitude error 
can be estimated by a linear approximation

eb(zk + δ,ω, θ) ≈ eb(zk,ω, θ) + ∇eb(zk,ω, θ)T δ (12)

which becomes more accurate as ‖δ‖2 gets smaller.
The Lp-norm of the passband squared magnitude error for the 

kth iteration is given by [3]

E(pb)
p (zk) =

[ ∫
Ω

∫
Θpb

∣∣eb(zk+1,ω, θ)
∣∣p

dθdω

]1/p

≈ κpb

[
R∑

r=1

S pb∑
s=1

∣∣eb(zk+1,ωr, θs)
∣∣p

]1/p

≈
[

R∑
r=1

S pb∑
s=1

∣∣κpbeb(zk,ωr, θs)

+ κpb∇eb(zk,ωr, θs)
T δ

∣∣p

]1/p

, ωr ∈ Ω, θs ∈ Θpb

(13)

where Ω is the frequency band of interest, Θpb = [θpl, θph] is the 
angular passband, and κpb is a constant. Expressing (13) in matrix 
form we get
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