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a b s t r a c t

The work presents the possible applications and effectiveness of certain class of models of
the resultant friction force and rolling resistance. The friction models are based on the
integral model constructed under assumption of fully developed sliding on the plane
contact area of general shape and any pressure distribution. Then the integral model of
friction force and moment are approximated based on Padé approximants and their
generalizations. These models are expected to be computationally effective in numerical
simulations of rigid bodies with frictional contacts, such like billiard balls, Thompson top,
the wobble stone and many others. In the present work two different examples of
application of the developed contact models are presented and tested: a) a billiard ball
rolling and sliding on the plane horizontal table; b) a full ellipsoid of revolution in contact
with plane and horizontal base.

& 2016 Elsevier Ltd. All rights reserved.

1. Introduction

There are examples of mechanical systems with frictional contacts, where one-dimensional friction model is insufficient to
obtain correct simulation results. One can solve then the full contact problem numerically by using space discretization. It requires,
however, the use of such numerical methods like finite element method or, at least, the integration over the contact area, and leads
to great increase of computational cost. From the point of view of fast and realistic numerical simulations of some class of rigid
bodies, it is important to develop special approximate models of resultant friction force and moment.

In 1962 Contensou wrote a work [1], where he presented integral model of the resultant friction force, assuming fully
developed sliding and classical Coulomb law of friction valid on each element of plane circular contact area, where Hertzian
contact pressure distribution is applied. Some group of researchers proposed a model of approximate friction force and moment
based on an ellipsoid approximating the surface bounding the set of admissible tangential loading of the contact [2]. It is relatively
good model for determination of limit friction forces, for which the relative motion does not appear. However, the use of this
model for determination of the relation between the sliding direction and the resultant friction components, leads to much larger
errors. In order to determine the sliding direction corresponding to each point of the limit surface, they used the property of
friction based on that the friction force direction maximizes the work on a given displacement. It results in convex shape of the
admissible tangential loading of the contact. The normal direction to the limit surface determine then the direction of possible
sliding [3].
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Then some researchers developed the results of Contensou giving exact analytical functions defining the resultant
friction force and torque on circular contact area with the Hertzian stress distribution, as well as proposing their special
approximations based on Padé approximants of the order (1,1), more suitable and convenient for numerical simulations [4].
In the work [5] one proposed the Padé approximations of the order (2,2), more adequate for qualitative bifurcational
analysis. In the next work [6] there is presented a model of the resultant friction force and moment additionally coupled
with rolling resistance. In this model the initial Hertzian contact pressure distribution was distorted in a special way in order
to generate the rolling friction. In the work [7] there is proposed a piece-wise linear approximation of the integral model of
friction components on the elliptic contact area, assuming the contact pressure distribution according the Hertz theory.
Another approach is represented in the work [8], where the coupled model of friction force and moment on a circularly
symmetric contact pressure is obtained by the use of Taylors' expansions of the pseudopotentials of velocity. In the next step
the friction models were applied in the Thompson top modeling and simulations. The authors of this work proposed a
family of approximant models of friction forces, which can be seen as a kind of generalization of the earlier models based on
Padé approximants [9]. They applied them in modeling and simulations of the Celtic stone, assuming elliptical frictional
contact with the presence of rolling resistance [10].

In the present work we outline the previously obtained results concerning approximate modeling of the resultant friction
forces on elliptic contact area along with the rolling resistance (Section 2) and then we present two examples of their application:
dynamics of a billiard ball rolling and sliding over plane surface (Section 3) and a full ellipsoid of revolution in contact with plane
and horizontal base (Section 4).

2. Modeling of the contact forces

2.1. Integral model of resultant friction forces for general plane contact

We consider a dimensionless form of a plane contact area F presented in Fig. 1a, with the Cartesian coordinate system Axyz,
where the axes x and y lie in the plane of the contact and the dimensionless length is defined as the quotient of the actual length
and a characteristic dimension â of the contact. It is assumed that the sliding is fully developed and the relative motion of the two
bodies can be treated as a plane motion of rigid bodies. This motion is then a function of the following quantities:
vs ¼ v̂s=â ¼ vsxexþvsyey – the dimensionless linear sliding velocity at the pole A, ωs ¼ ω̂s ¼ωsez – the dimensionless angular
sliding velocity (v̂s and ω̂s denote the corresponding real counterparts), where ex, ey and ez are the unit vectors of the
corresponding axes.

Additionally, the Coulomb friction law is applied on each element dF: dTs ¼ �σ x; yð ÞdF vP=‖vP‖¼ dT̂s=ðμN̂Þ, where dTs

and dT̂s are, correspondingly, the non-dimensional and real elementary friction forces, σðx; yÞ ¼ σ̂ðx; yÞ â2=N̂ – dimensionless
contact pressure distribution (where σ̂ðx; yÞ is its real counterpart), vP – local dimensionless velocity of sliding, N̂ – the
normal component of the total real interaction between the contacting bodies, m – dry friction coefficient. The moment of
the elementary friction force about the nominal center A of the contact reads dMs ¼ ρ� dTs ¼ dM̂s=ðâμN̂Þ, where dM̂s is the
real counterpart of dMs.

The elementary friction forces dTs and moments dMs can be summed up, giving the total friction force
Ts ¼ �Tsxex�Tsyey acting in the point A and moment Ms ¼ �Msez, where

Tsx ¼∬F
σ x; yð Þ vsx�ωs yð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

vsx�ωs yð Þ2þ vsyþωsx
� �2q dxdy; Tsy ¼∬F

σ x; yð Þ vsyþωsx
� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vsx�ωsyð Þ2þ vsyþωsx

� �2q dxdy;

Ms ¼∬Fσ x; yð Þ ωs x2þy2
� �þvsyx�vsxyffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

vsx�ωsyð Þ2þ vsyþωsx
� �2q dxdy: ð1Þ

Fig. 1. The contact area: the general case (a) and a special case of elliptical shape (b).
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