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a b s t r a c t

This paper investigates the performance of the Chebyshev polynomial basis to identify
the time-varying mechanical impedance of a vertical beam in torsion. The projection,
derivation and product properties of Chebyshev polynomials were used to linearize the
differential equation of 1-DOF mechanical systems having multiple time-varying para-
meters. This allowed the identification of a reduced set of projection coefficients without
prior knowledge of initial system states conditions. The method was then applied to
experimental data obtained from an equilateral beam excited in torsion while one beam
support location was changed over time. Results showed 6.62�10�2% error in stiffness
predictions compared to theoretical estimates. Signal filtering was critical to avoid
contamination by bending modes of the beam and prior knowledge of inertia led to
better results.

& 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Numerous applications require parameter estimation of continuous time systems. This important and broadly reviewed
field [1,2] is often used on discrete time data issued from experimental systems or numerical simulations. Linear time-
varying (LTV) systems are getting more attention due to more sophisticated systems and models. Identification of the time-
varying parameters of LTV systems can be achieved via various approaches, such as ensemble average of impulses responses
[3], parallel-cascade algorithm [4], or wavelet-based methods [5].

An alternative approach is to identify time-varying parameters by estimating the coefficients of their projection on an
orthogonal basis [6,7]. Some commonly used basis include Legendre series [8,9], block-pulse functions [10], Fourier series
[11] and Laguerre polynomials [12]. The Chebyshev series approximation were also used for time-varying [13–15] parameter
estimation and were reported to have certain advantages over other orthogonal series since they are an almost uniform
approximation in the time interval of interest [16]. However, methods employing Chebyshev polynomials were, to our
knowledge, formulated via integrals and thus require states initial conditions to be known or identified simultaneously. This
was until a parameter estimation method based on Chebyshev basis and formulated via signal derivatives instead of
integrals was proposed and applied to nonlinear systems in [17]. The method was also applied on continuous structures in
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[18] with an improved derivation operator. A similar approach was also proposed by [19] to identify constant parameters
within nonlinear time-varying dynamical systems.

This paper adapts the method proposed in [17] to identify time-varying parameters and validates its performance using
experimental results on a torsional beam. Some properties of the Chebyshev basis that are required to develop the
identification method are first presented. Amongst other properties and as any polynomial basis, Chebyshev basis include a
matrix representation of its coefficients and a linear relationship for both derivation and multiplication operations [20].
Thanks to these properties, the differential equation of a 1DOF dynamical system having time-varying parameters is
linearized so that its unknown coefficients are estimated by means of a standard least-square algorithm. Experimental
results are then provided to validate the method by investigating its ability identify a continuous mechanical system with
time-varying stiffness, constant inertia and negligible damping. Calibration of the apparatus is presented before parameter
identification is performed. The performance of the method is then analyzed with regards the need for fixing two
identification parameters beforehand. The signal filtering process is investigated in details in order to deal with the multi
vibration modes of the continuous system and, in particular, the potential cross-coupling between torsional and bending
modes as well as system excitation by a moving load on the bar.

2. Methods

2.1. Chebyshev polynomials properties

2.1.1. Projection
The n order Chebyshev polynomial is defined in the interval τ¼ �1; þ1½ � by the following equation:

Tn τð Þ ¼ cos n arccos τð Þð Þ: ð1Þ
Any function x τð Þ can be expanded on the n order Chebyshev basis Tn τð Þ� �¼ 〈T0 τð Þ T1 τð Þ T2 τð Þ … Tn τð Þ〉 T as:

x τð ÞC 〈x0 x1 xi … xn〉 U Tn τð Þ� �
;

x τð ÞC〈xC〉U Tn τð Þ� �
;

ð2Þ

where 〈xC 〉 contains the xi coordinates of x τð Þ in the basis Tn τð Þ� �
.

If τ is sampled on Ne discrete points of index m so that the function xðτÞ is discretized in the vector 〈xðmÞ〉Ne , (2) becomes:

〈x mð Þ〉Ne C〈xC〉nþ1 U Tn mð Þ� �
nþ1; Ne

ð3Þ

and the projection coefficients can be estimated using a least-square approximation:

〈xC〉C〈x mð Þ〉U Tn mð Þ� �T
U Tn mð Þ� �

U Tn mð Þ� �T� ��1
: ð4Þ

2.1.2. Derivation
Since the derivative of each Chebyshev polynomial can be evaluated by a linear combination of lower order polynomials,

the time derivative of a function can be expressed as:

dx
dt

¼ 〈xC〉nþ1 U D½ �nþ1; nþ1 U Tn mð Þ� �
nþ1; Ne

; ð5Þ

where D½ � is the derivative operator described in [17]. This operator gives increasing importance to higher order polynomials
because the linear combination coefficients in D½ � are proportional to 2n. The sensibility of the derivation error to a
projection error is thus higher with larger order polynomials. This point can be largely improved by the use of Chebyshev
polynomial properties as demonstrated in [18] but the first level approach proposed in this paper is precise enough to solve
the LTV problem.

2.1.3. Product
If two polynomials P τð Þ and Q τð Þ are expressed in the n order Chebyshev basis as:

P τð Þ ¼ ∑
n

k ¼ 0
pkTk τð Þ;

Q τð Þ ¼ ∑
n

k ¼ 0
qkTk τð Þ;

ð6Þ

then their product can be expressed in the 2n order basis:

P τð ÞUQ τð Þ ¼ ∑
2n

i ¼ 0
aiTiðτÞ; ð7Þ
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