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1. Introduction

We consider the problem of minimal norm actuation in the context of natural frequency assignment by feedback control.
For simplicity, the natural oscillations of the system under consideration are governed by the set of second order differential
equations

X+Kx=0, 1)

where the stiffness matrix K e R™*" is a symmetric semi-positive definite matrix and the mass matrix M =L If M # I, but it is
symmetric positive definite, then by proper transformation the equations of motion may be taken in the form of (1).

The dynamics of the system may be altered by design with feedback control force, so that the motion of the controlled
system is governed by,

7+Kz=bg'z, b,g=R" ()

The systems (1) and (2) are called the open loop and the closed loop systems, respectively.
Separation of variables

x(t) =V sin wt, 3
where v is a constant vector, applied to (1) gives

(K-Alv=0, A=a? “)

“ Special issue in Honor of Professor Simon Braun.
* Corresponding author.
E-mail address: ram@me.lsu.edu (Y.M. Ram).

http://dx.doi.org/10.1016/j.ymssp.2014.11.013
0888-3270/© 2014 Elsevier Ltd. All rights reserved.


www.sciencedirect.com/science/journal/08883270
www.elsevier.com/locate/ymssp
http://dx.doi.org/10.1016/j.ymssp.2014.11.013
http://dx.doi.org/10.1016/j.ymssp.2014.11.013
http://dx.doi.org/10.1016/j.ymssp.2014.11.013
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ymssp.2014.11.013&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ymssp.2014.11.013&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ymssp.2014.11.013&domain=pdf
mailto:ram@me.lsu.edu
http://dx.doi.org/10.1016/j.ymssp.2014.11.013

J.A. Guerra, Y.M. Ram / Mechanical Systems and Signal Processing 74 (2016) 4-10 5

The symmetric eigenvalue problem (4) has n real positive eigenvalues A; with corresponding eigenvectors v; # 0 which
solve the problem. The eigenvectors v;, i=1,2, ..., n, may be chosen to form an orthogonal set. For the sake of definiteness
we will scale eigenvectors to have unit norm, hence,

; 1 i=j
ViV = 0 izj’ i,j=1,2, .., n. )

Separation of variables
Z(t)=w sin yt, (6)
applied to (2) gives
(K—ph)w=bg'w, p=y> )

In general, the non-symmetric eigenvalue problem (7) has, over the complex field, n eigenvalues y; with corresponding
eigenvectors w; which solve (7).

With the control force bg’z(t) each natural frequency w; of the open loop system (1) may be assigned to a desired
positive natural frequency y; € R of the closed-loop system (2), provided that b’v; 0. If b'v; = 0 then the natural frequency
w; is invariant under the control, i.e., y; = w;.

Guzzardo et al. have considered in [6] the problem of determining the input vector b and the control gain vectors g
which minimizes the second norm |bg’|. This problem was referred in the opening sentence of the paper as the minimal
norm actuation in context of natural frequency assignment. A closed form solution is given in [6] to the problem when a single
natural frequency is changed desirably while keeping the rest of natural frequencies unchanged. The equations of optimality
for the general case where several natural frequencies are altered are also developed in [6] but they were not solved there.
The objective of our paper is to present a closed form solution to the problem in the setting of (1).

The problem of minimal norm actuation by using multi input control was studied by Bai et al. [1,2], and Carvalho and
Datta [3]. The approach in these papers was to exploit the redundancy in parameters offered by the multi input control to
obtain minimal norm actuation for a given input matrix. We employ the single input case and solve the non linear problem
of finding the input vector that achieves the optimization goal. More complete treatment of the subject is presented in the
Ph.D. dissertation of Guzzardo [7] and the Master thesis of Guerra [5].

The paper is organized as follows. The partial natural frequencies assignment problem is defined in Section 2. The closed form
solution to the optimal actuation problem is given in Section 3. Section 4 includes numerical examples and the paper is concluded
in Section 5.

2. Partial natural frequencies assignment

Datta et al. [4] gave an explicit solution to problem of partial pole assignment in the symmetric quadratic eigenvalue
problem

(52M+sC+l()w=b(sz+gT>w, ®)

where a predesigned self-conjugate subset of poles s; is assigned by the control b(sf +gT )w to a predetermined self-conjugate set,
while keeping the rest of the spectrum unchanged. Their solution is reduced to the problem studied here in the following Lemma.

Lemma 1. With

m

g= Y vy )
k=1

where

Ae—p T Ak

N < L1 10

g b'v, i:]ﬂk—ﬂi (19

i#k

the eigenvalues of (7) are

{/‘k}={/41 g Amer o /111}- O an
Define
_ o A= Hi
§k=(/1k7ﬂk) igl /1’{7/1'3 (12)
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