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a b s t r a c t

Active vibration control strategy is an effective way to control dangerous vibrations in a
structure, caused by resonance and to manipulate the dynamics of vibrational response.
Implementation of this strategy requires real-time computations of two feedback control
matrices such that a small amount of eigenvalues of the associated quadratic matrix pencil
are replaced by suitably chosen ones while the remaining large number of eigenvalues
and eigenvectors remain unchanged ensuring the no spill-over. This mathematical
problem is referred to as the Quadratic Partial Eigenvalue Assignment problem. The
greatest challenge there is to solve the problems using the knowledge of only a small
number of eigenvalues and eigenvectors that are computable using state-of-the-art
techniques. This paper generalizes the earlier work on partial assignment to constant
time-delay systems. Furthermore, a posterior stability analysis is carried out to identify
the ranges of the time-delay that maintains the closed-loop assignment while keeping the
stability of the infinite number of eigenvalues for the time-delayed systems. The practical
features of the proposed methods are that it is implemented in the second-order setting
itself using only those small number of eigenvalues and the eigenvectors that are to be
assigned and the no spill-over is established by means of mathematical results. The results
of our numerical experiments support the validity of our proposed methods.

& 2013 Elsevier Ltd. All rights reserved.

1. Introduction

Large complex vibrating structures such as automobiles, rotors, air/space crafts, buildings, bridges, etc. are generally modeled
or approximated by using finite element or finite difference techniques to a system of second order matrix differential equations
of the following form:

M €qðtÞþC _qðtÞþKqðtÞ ¼ 0; ð1Þ
where M; C; KAℜn�n are known as the mass, damping and stiffness matrices respectively. Very often these matrices are
symmetric, M¼MT ; C¼ CT ; K¼KT and furthermore M 4 0 and K Z0. The use of the separation of variables of the form
qðtÞ ¼ xeλt , in (1) leads to the quadratic eigenvalue problem:

PðλkÞxk ¼ 0; for k¼ 1;2;⋯;2n; ð2Þ
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where

PðλÞ ¼ λ2MþλCþK; ð3Þ
is the open loop quadratic pencil, fλg2nk ¼ 1 are the eigenvalues or natural frequencies and xka0 for k¼ 1;2;⋯;2n are the
corresponding eigenvectors or mode shapes of the vibratory system. The above second order system or the associated quadratic
pencil PðλÞ is often denoted by the triplet ðM;C;KÞ.

The dynamics of the vibrating structure are determined from the eigenvalues and eigenvectors of the quadratic pencil
(3). From the knowledge of these quantities, the system responses as well as stability can be determined. By assigning
eigenvalues further to the left-hand side of the complex plane: (i) the transient motion of the system can be manipulated,
(ii) the damping of the system can be enhanced, and (iii) the natural frequencies of the system can be kept away from
resonance with the applied time varying harmonic loads. Such an assignment can be achieved either by passive control or
by means of active control [1–4].

Passive devices are economic and widely used in practice; however there are some limitations, for example, they are
single frequency devices and they can control only a limited range of vibration amplitude/frequencies. They are not suitable
for a dynamically changing system. On the other hand, the active vibration control (AVC) techniques [5–9] are capable of
supplying the desirable control forces in a dynamic environment (real time). For AVC application, the system (1) is modified
by applying a suitable control force Bu(t). The closed loop controlled system then becomes,

M €qðtÞþC _qðtÞþKqðtÞ ¼ BuðtÞ; ð4Þ
where BAℝn�m is the control distribution matrix, and uðtÞ is the associated control force vector given by,

uðtÞ ¼ FT _qðtÞþGTqðtÞ: ð5Þ
The implementation of AVC requires the constructions of the two feedback control matrices FAℝn�m and GAℝn�m such that
the closed loop system

M €qðtÞþðC�BFT Þ _qðtÞþðK�BGT ÞqðtÞ ¼ 0; ð6Þ
has the desired system responses. The dynamics of the closed loop systems are governed by the eigenvalues and
eigenvectors of the quadratic matrix pencil,

Pcð ~μÞ ¼ ~μ2Mþ ~μðC�BFT ÞþðK�BGT Þ; ð7Þ
where, f ~μkg2nk ¼ 1 are the closed loop eigenvalues of the controlled system associated with the pencil (7).

The instability or the dangerous vibration in a structure can be controlled by replacing few of the unwanted eigenvalues
fλigpi ¼ 1 to suitably chosen location, while keeping rest of the eigenvalues and the corresponding eigenvectors unchanged.
This can be achieved by choosing the F and G matrices appropriately. Mathematically it is a quadratic partial eigenvalue
assignment problem (QPEVAP) which can be stated as follows:

Given the triplet of matrices ðM;C;KÞ of the open loop system (1), the control input matrix B, a set of eigenvalues fλigpi ¼ 1,
p{2n that need to be reassigned, the set of suitably chosen p numbers f ~μ igpi ¼ 1, find the feedback matrices F and G in such a
way that the closed-loop spectrum becomes ð ~μ1;⋯; ~μp; λpþ1;⋯; λ2nÞ, while the eigenvectors corresponding to λpþ1;⋯; λ2n
remain unchanged.

Since the introduction of QPEAVP in the literature by Datta et al. [10] and its elegant mathematical solution to the single
input case (B is a vector), much research has been done in recent years. These works have extended the single input
solutions to the multi-input case [11,12] and also to the solution of eigenstructure assignment problem [13]. Furthermore,
the aspects of robust feedback stabilization and the norm minimization have been considered and solved by the
sophisticated techniques of numerical linear algebra and numerical optimization [14,15].

Unfortunately, the above work did not take into account of the practical aspects of the problem; namely the time delay in
control. Though there exist a substantial amount of work on the stability of a time delayed system, the work on partial
eigenvalue assignment in time delay is just emerging. Ram et al. [16] have solved the partial pole assignment with time
delay for the single input case. Their solution requires both the knowledge of receptances as well as system matrices.
Recently this hybrid approach has been extended by Bai et.al.[17] to the multi-input case. In either of these works the
stability of the closed loop systems have not been investigated. The main difficulty with the time delayed problems is that
the characteristic equation of the closed loop system is a transcendental function and hence the dynamic behavior of the
closed loop system is characterized by infinitely many eigenvalues. Reassignment of few eigenvalues fλigpi ¼ 1 to suitably
chosen location fμigpi ¼ 1 and guaranteeing the no-spillover in the remaining (2n-p) eigenvalues of the open loop system
cannot ensure the stability of the overall closed loop system. Numerous efforts have been made in the past to study the
effect of time delay on the stability of the system as well as the estimation of the associated closed loop eigenvalues [18–23].
However, most of these stability analyses have not been done in the framework of partial eigenvalue assignment.

The main contributions of this paper are as follows:

� A new algorithm for the time-delayed QPEVAP is proposed. This algorithm generalizes our earlier work on the single
input case [24]. The algorithm directly works in a given second order system without a-priori transformation to a
standard state space system. It is implemented with the help of only a small number of eigenvalues and eigenvectors that
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