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a b s t r a c t

This paper considers using a moving receiver to locate a stationary source that transmits
periodically with an unknown period. The receiver records the time of arrivals (TOAs) of
the intercepted signals for source localization. A new two-step localization algorithm is
developed. Its first step ignores the signal propagation delay and identifies the signal
period using existing period estimation techniques. Sufficient conditions for correctly
relating the TOA measurements are established. The second step of the new algorithm
jointly estimates the source position and the signal period using an iterative maximum
likelihood estimator. Simulation results demonstrate the effectiveness of the newly
proposed technique.

& 2015 Elsevier B.V. All rights reserved.

1. Introduction

Source localization is a central problem in various
applications including sonar [1], radar [2] and wireless
sensor networks [3]. Among the commonly used position-
ing parameters, the time of arrival (TOA) information of the
received source signal is a popular choice because of its
potentials in attaining high localization accuracy [4–7].
When multiple receivers are available and the signal
transmission time is known, the source position can be
determined via trilaterating the source–receiver ranges
deduced from the TOAs obtained simultaneously. If the
signal transmission time is not known in the case of, e.g.,
the source being non-cooperative, we may convert the
TOAs into time difference of arrival (TDOA) measurements
and invoke TDOA positioning to locate the source (see [6,7]
and references therein).

Source localization using a single moving receiver is also
possible [8–11], where the use of Doppler and/or bearing
measurements was considered. Recently, TOA-based localiza-
tion with a moving receiver was examined in [5]. Different
from the multi-receiver scenario, multiple signal interceptions
are needed to obtain a sufficient number of TOA measure-
ments for source position estimation. But the system is less
complex and we no longer require data transmission among
receivers or that the receivers are synchronized, which is
generally needed in the multi-receiver positioning. The
single-receiver localization scheme developed in [5] explores
the source signal periodicity and assumes the availability of
the period of the signal emission. In this case, the source–
receiver distances at different times can be extracted from the
obtained TOAs for source localization.

We shall study in this paper the more general problem of
locating a stationary source with periodic signal emissions
using a moving receiver when the signal period is unknown
and missed detections of signal emissions are present. The
considered scenario is more practical and may arise, e.g., if
the source to be localized is a pulse radar and/or there exist
obstacles between the source and the receiver. It is sig-
nificantly different from the scenario investigated in [5] in
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the sense that it is now difficult to find a simple way to
relate the sequentially measured TOAs for source–receiver
distance estimation. This renders the localization paradigm
developed in [5] inapplicable.

To address the above limitation, a new two-step loca-
lization algorithm is proposed in this paper. The first step
neglects the presence of the signal propagation delay from
the source to the receiver and applies a period estimator,
such as the modified Euclidean algorithm (MEA) [12] and
the integer lattice line search (ZnLLS) method [13], to the
TOA sequence to identify the period of the signal emission.
The obtained source signal period estimate can be quite
accurate if, e.g., the receiver happens to be stationary
temporarily. However, in our case, the period estimate is
in general biased, due to ignoring the signal propagation
delay and the nondetection of some signal emissions. With
the erroneous signal period estimate, it is still possible to
relate the TOA measurements correctly [14]. We provide
sufficient conditions for correctly determining the time
interval between two signal emissions associated with two
neighboring TOA measurements, which is an integer
number of the signal period. The second step of the
proposed localization algorithm identifies the source posi-
tion while refining jointly the signal period estimate to
produce improved source–receiver range difference esti-
mates for better localization accuracy. The second-step
processing is iterative. It could reach the conditional
Crame´r–Rao lower bound (CRLB) of the source position
and the source signal period, if the sufficient conditions for
correctly relating the TOA measurements in the first step
are satisfied.

The contribution of this paper is two-fold. Firstly, we
present a new algorithm for estimating jointly the
unknown source position and source period from a
sequence of TOA measurements obtained at a moving
receiver, a problem that has not yet been addressed in
previous literature. This makes our work significantly
different from [5], where the source period is assumed
known, and from the period estimation literature such as
[12,13], where there is no relative motion between the
source and the receiver. Secondly, the conditional CRLB of
the unknowns is derived and sufficient conditions for the
newly developed algorithm to reach the conditional CRLB
are established.

In the rest of the paper, we first formulate the localiza-
tion problem in Section 2. Section 3 derives the conditional
CRLB of the source position and the source signal period.
The new localization algorithm is presented in Section 4.
Simulation results are given in Section 5 to illustrate the
performance of the proposed technique. Section 6 con-
cludes the paper.

2. Problem formulation

Consider the 2D localization scenario. The stationary
source is located at the unknown position u¼ ½xt ; yt �T .
It transmits a periodic signal with a period of Ts, which is
intercepted by a moving receiver along its trajectory.

Suppose that during the observation interval, M source
signal TOA measurements are obtained. The jth TOA

measurement is

tj ¼ t0þ
Ju�sj J

c
þNjTsþΔtj ð1Þ

where t0 is the starting point of the signal transmission
and c is the signal propagation speed. sj is the receiver
position when tj is obtained and Ju�sj J=c is the signal
propagation delay, where JnJ denotes the Euclidean
distance. Δtj is the TOA measurement error modeled as a
zero-mean Gaussian random variable with variance σ2t . We
further assume that the TOA measurement errors at
different times are independent to one another.

Nj in (1) is a positive integer such that Nj4Ni for io j
and t0þNjTs represents the transmission time of the jth
received source signal emission. Note that, in general, Nj

may not satisfy Nj ¼Nj�1þ1 due to the nondetection of
some signal emissions. This may render the scaling of the
signal period Ts unidentifiable, e.g., when the source is a
radar with rotating antenna and few TOAs are received
during each detection of the rotating beam so that
Nj�Nj�1 may be large. In this case, we have that NjTs

¼ ðNj=NÞ � ðNTsÞ, where N is the greatest common divisor
(GCD) of Nj. This scaling ambiguity, however, would not
affect the applicability of the localization algorithm that
will be developed in Section 4, because it does not affect
the validity of the signal model in (1).

The TOA measurement equation given in (1) is different
from the one in [5] in the sense that besides t0 and the
source position u, the signal period Ts and the transmis-
sion time of the jth intercepted signal emission t0þNjTs

are also unknown. It is also different from the point event
model adopted in [13,15] for period estimation where the
signal propagation delay Ju�sj J=c introduced by the
receiver movement was not taken into account.

The starting time of the signal transmission t0 is a
nuisance parameter for source localization. We eliminate it
by first multiplying both sides of (1) by the signal propa-
gation speed c and evaluating ctj�ctj�1 to arrive at

rj;j�1 ¼ ctj�ctj�1 ¼ dj;j�1þNj;j�1dTs þnj;j�1 ð2Þ
where j¼ 2;3;…;M, dj;j�1 ¼ Ju�sj J� Ju�sj�1 J is the
range difference of arrival (RDOA) between the jth and
the ðj�1Þth signal interception, Nj;j�1 ¼Nj�Nj�1 and dTs

is equal to cTs. We shall also refer to dTs as the signal period
in the rest of the paper. The noise term in (2) is nj;j�1

¼ cðΔtj�Δtj�1Þ.
Collecting rj;j�1 yields an ðM�1Þ � 1 vector

r¼ fðu; dTs Þþn ð3Þ
where r¼ ½r2;1; r3;2;…; rM;M�1�T , fðu; dTs Þ ¼ dþkdTs is the
true value of r, d¼ ½d2;1; d3;2;…;dM;M�1�T and
k¼ ½N2;1;N3;2;…;NM;M�1�T . The measurement error vector
n¼ ½n2;1;n3;2;…;nM;M�1�T has a covariance matrix equal to

Q ðM�1Þ�ðM�1Þ ¼ c2σ2
t

2 1 0 ⋯ 0
1 2 1 ⋯ 0
⋮ ⋮ ⋱ ⋮ ⋮
0 ⋯ 1 2 1
0 ⋯ ⋯ 1 2

2
6666664

3
7777775
: ð4Þ

We are interested in estimating the source position u
from the transformed TOA measurements in r.
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