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a b s t r a c t

A robust Chinese remainder theorem (CRT) has been recently proposed, that is, a large
integer less than the least common multiple (lcm) of all the moduli can be robustly
reconstructed from its erroneous remainders when all remainder errors are assumed
small. In this paper, we propose a new robust CRT when a combined occurrence of
multiple unrestricted errors and an arbitrary number of small errors is in the remainders,
where a determinable integer is required to be less than the lcm of a subset of the moduli.
A reconstruction algorithm is also proposed. We then apply the reconstruction algorithm
to frequency estimation from undersampled waveforms. It shows that the newly proposed
algorithm leads to a better performance than the previous existing robust CRT algorithm.

& 2015 Elsevier B.V. All rights reserved.

1. Introduction

It is well known that the conventional Chinese remain-
der theorem (CRT) with pairwise coprime moduli is not
robust, i.e., a small error in a remainder may cause a large
reconstruction error [1,2]. In order to resist remainder
errors, redundancy has to be added in moduli. Two
different methods of adding redundancy are usually
adopted in the literature, namely, error-correcting codes
(residue codes) [3–7] and robust CRT [8–11]. Residue codes
are based on a Redundant Residue Number System (RRNS),
i.e., given L pairwise coprime moduli M1o⋯oMK o⋯
oML, an integer N with 0rNo∏K

i ¼ 1Mi can be accurately
reconstructed if there are ⌊ðL�KÞ=2c or fewer arbitrary
errors (called unrestricted errors in this paper) in the

remainders of N modulo Mi for 1r irL, where ⌊⋆c is
the floor function. Robust CRT was recently developed
based on the assumption that all the moduli have a
common factor M41, i.e., Mi ¼MΓi for 1r irL and
Γ1o⋯oΓL are pairwise coprime. In this case, an integer
N with 0rNo lcmðM1;…;MLÞ ¼MΓ1⋯ΓL can be robustly
reconstructed if all remainder errors are small, i.e., the
reconstruction error is upper bounded by the remainder
error level τ if τ is smaller than M=4. Note that in residue
codes the reconstruction of N is accurate but only a few of
the remainders are allowed to have errors and most of the
remainders have to be error-free, while in the robust CRT
the reconstruction of Nmay not be accurate but robust and
all the remainders are allowed to have small errors. The
robust CRT has applications in frequency estimation from
undersampled waveforms, for example, phase unwrapping
in radar signal processing [12–15], multiwavelength opti-
cal interferometry [16], and sensor networks using multi-
ple sensors [17,18].

In this paper, we propose a new robust CRT under the
same assumption that moduli Mi ¼MΓi for 1r irL,
M41, and Γ1o⋯oΓL are pairwise coprime. Different
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from the previous robust CRT in [8–11], it relaxes the
constraint that all remainder errors have to be small, but
sacrifices the dynamic range of a determinable large
integer. It basically says that an integer N with
0rNoMΓ1⋯ΓK , KoL, can be robustly reconstructed
from its erroneous remainders when a combined occur-
rence of ⌊ðL�KÞ=2c or fewer unrestricted errors and an
arbitrary number of small errors is in the remainders. The
main idea in this new robust CRT is to incorporate the
error correction algorithm for residue codes to determine
the folding numbers (quotients) of N divided by Mi, while
the folding numbers are directly determined via the
conventional CRT in the previous robust CRT in [11].
Accordingly, a robust reconstruction algorithm is also
proposed in this paper. With this newly proposed algo-
rithm, an improvement in the performance of frequency
estimation from undersampled waveforms is illustrated.
Throughout the paper, ½⋆� is defined as the rounding
function, i.e., ½⋆� ¼ ⌊⋆þ1=2c.

The rest of the paper is organized as follows. In
Section 2, we review the CRT and the error correction
algorithm for residue codes, respectively. In Section 3, we
propose our new robust CRT. A corresponding reconstruc-
tion algorithm is also proposed. In Section 4, with the
proposed algorithm, we present some simulation results
on frequency estimation from undersampled waveforms.
In Section 5, we conclude this paper.

2. Preliminaries

Consider the following system of congruences in an
unknown positive integer X:

xi � X mod mi; 1r irL; ð1Þ
where remainders xi with 0rxiomi are known and
moduli mi are pairwise coprime positive integers, for
1r irL. Then, if and only if 0rXom¼∏L

i ¼ 1mi, X can
be uniquely reconstructed via the conventional CRT [1] as

X �
XL
j ¼ 1

xjTj
m
mj

mod m; ð2Þ

where Tj is the modular multiplicative inverse of m=mj

modulo mj, i.e., 1� Tj
m
mj

mod mj.
Without loss of generality, assume that m1o⋯omK o

⋯omL with KoL and X is selected from the subrange
½0;∏K

i ¼ 1miÞ. Let ~xi for 1r irL denote the received
remainders after passing through a noisy system. For the
residue code based on the RRNS with moduli m1;…;mL, it
can correct up to ⌊ðL�KÞ=2c errors in the remainders [3,4],
i.e., if there are tr⌊ðL�KÞ=2c received remainders ~xiv for
1rvrt such that ~xiv axiv , where fi1;…; itg is a subset of
f1;…; Lg, then an integer X with 0rXo∏K

i ¼ 1mi can be
accurately reconstructed from ~xi for 1r irL, with the
following error correction algorithm as stated in [5].

1) Compute ~X from the received remainder vector
~x1;…; ~xLð Þ using a formula based on (2):

~X �
XL
j ¼ 1

~xjTj
m
mj

modm: ð3Þ

2) If 0r ~X o∏K
i ¼ 1mi, stop and output ~X . Otherwise, go

to Step 3).

3) Let Z¼ ∏
L� ⌊ðL�KÞ=2c

β ¼ 1
mlβ :where fl1;…; lL� ⌊ðL�KÞ=2cg is

(

enumerated in all
L

⌊ðL�KÞ=2c

 !
possible different choices of

L�⌊ðL�KÞ=2cdistinct elements inf1;…; Lg
)
. For every

element z in Z, calculate

X̂ ðzÞ � ~X mod z: ð4Þ

If there is only one z0 in Z such that 0r X̂ ðz0Þ
o∏K

i ¼ 1mi, stop and output X̂ ðz0Þ.

(4) Otherwise, indicate that there are more than ⌊ðL�
KÞ=2c errors in the remainders and end the algorithm
without an output.

Remark 1 (Goh and Siddiqi [5]). In the above algorithm, if
there are no errors in the remainders, i.e., ~xi ¼ xi for all
1r irL, X can be accurately determined in Step 2), i.e.,
~X ¼ X; if there are 1rtr⌊ðL�KÞ=2c errors in the remain-
ders, X can be accurately determined in Step 3), i.e.,
X̂ ðz0Þ ¼ X. However, if there are more than ⌊ðL�KÞ=2c
errors in the remainders, the output in Step 2) or 3) may
be not equal to X, or even the algorithm ends without an
output.

3. A new robust CRT

Based on the above error correction algorithm for
residue codes in [5] and robust CRT in [11], a new robust
CRT is presented and the corresponding robust reconstruc-
tion algorithm is also proposed in this section.

Of particular interest in this paper is to study robust
reconstruction from erroneous remainders when the
greatest common divisor (gcd) of all the moduli is more
than 1 and the remaining integers factorized by the gcd of
all the moduli are pairwise coprime, i.e., moduli Mi ¼MΓi

for 1r irL, M41, and Γ1o⋯oΓL are pairwise coprime
positive integers. To begin with, let us review the result of
the previous robust CRT in [8–11].

Let N be a positive integer and r1;…; rL be the L
remainders of N, i.e.,

ri �N mod Mi or N¼ niMiþri; ð5Þ

where 0rrioMi and ni is called a folding integer. The
robust CRT problem is how to robustly reconstruct N with
0rNo lcmðM1;…;MLÞ ¼MΓ1⋯ΓL from the erroneous
remainders ~r i, i.e., for 1r irL,

0r ~r ioMi and j~r i�rijrτ; ð6Þ

where Δri ¼ ~r i�ri denote the remainder errors and τ is
called the remainder error level that may be determined
by, for example, the signal-to-noise ratio (SNR). The basic
idea is to accurately determine the folding integers ni as in
(5), and then an estimate of N is the average of N̂ðiÞ as
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