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Recently, Graph Embedding Framework has been proposed for feature extraction.

Although many algorithms can be used to extract the discriminant transformation of

supervised graph embedding, it is still an open issue which algorithm is more robust. In

this paper, we first review the classical algorithms which can extract the discriminant

transformation of linear discriminant analysis (LDA), and then generalize these classical

algorithms for computing the discriminant transformation of supervised graph embed-

ding. Secondly, we theoretically analyze the robustness of these generalized algorithms.

Finally, in order to overcome the disadvantages of these generalized algorithms, we

propose an effective method, called total space solution for supervised graph embedding

(TSS/SGE), to extract the robust discriminant transformation of Supervised Graph

Embedding. Extensive experiments and comprehensive comparison on real-world data

are performed to demonstrate the robustness of our proposed TSS/SGE.

& 2008 Elsevier B.V. All rights reserved.

1. Introduction

An important issue in the field of pattern recognition is
feature extraction and dimensionality reduction. A com-
mon way to resolve this problem is discriminant subspace
analysis without losing a lot of significant information
[1,2]. In this field, linear models have played an important
role because of their simplification and analytical tract-
ability [3]. In the past decades, many algorithms have
been proposed. Among these algorithms, linear discrimi-
nant analysis (LDA) [4] is one of the most popular
techniques. Furthermore, a large family of algorithms,
such as local discriminant embedding (LDE) [5] and
marginal Fisher analysis (MFA) [6], has been developed
based on manifold learning [7]. Although motivations of
the above algorithms are different, their final objectives
are similar. In 2007, Yan et al. [6] presented a general
framework (Graph Embedding) to unify the above algo-
rithms for dimensionality reduction. In this framework,

the final discriminant transformation Q � can be computed
from the following generalized eigenvalue problem [6]:

Mbq ¼ lMwq (1)

where Mb and Mw define the measure to be maximized
and that to be minimized, respectively. In this framework,
LDA is a special case, where Mb and Mw are the between-
class scatter matrix Sb and the within-class scatter matrix
Sw, respectively. Since Mw is singular in the case of the SSS
problem, Q � cannot be directly computed by eigen-
decompositions of M�1

w Mb. Unfortunately, the SSS pro-
blem frequently occurs in many applications, such as
information retrieval and face recognition [4–6].

In the literature of LDA, different variations of LDA have
been proposed to deal with the SSS problem. In general,
the discriminant transformation of LDA can be extracted
from pseudo-inverse [8], generalized singular value
decomposition (GSVD) [9–12], the range space of Sw [3],
the null space of Sw [13], the range space of Sb [14], the
range space of St [11,15,16] or the dual-space of Sw [17].
Since LDA is a special case in the framework of supervised
graph embedding (SGE), most of algorithms, extracting
the discriminant transformation of LDA, can be general-
ized into this general framework. We can use these
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generalized algorithms to extract the discriminant trans-
formation of specific SGE algorithms, such as LDE [5] and
MFA [6].

However, up to the present, it is still an open issue
which algorithm is more robust. Is it from pseudo-inverse,
GSVD, the range space of Mw, the null space of Mw, the
range space of Mb, the range space of Mt ¼Mw þMb, or
the dual-space of Mw? Using the range space of Mw, the
algorithms do not use the discriminative information of
the null space; while using the null space of Mw, the
algorithms lose the important discriminative information
of the range space. Similarly, the algorithms, using the
range space of Mb or the dual-space of Mw, also result in
the loss of important discriminative information.

In this paper, we focus on the issue which algorithm is
appropriate for extracting the discriminant transforma-
tion in the framework of SGE. Firstly, we review the
classical algorithms which can extract the discriminant
transformation of LDA. Secondly, we generalize these
classical algorithms for computing the discriminant
transformation of SGE, and then theoretically analyze
the robustness of these generalized algorithms. Finally, in
order to overcome the disadvantages of these generalized
algorithms, we propose an effective method, called total
space solution for supervised graph embedding (TSS/SGE),
to extract the robust discriminant transformation of SGE.
Different from those generalized algorithms, our proposed
TSS/SGE uses all the information in the total space of Mw

to extract the discriminant transformation. Therefore, the
discriminant transformation of TSS/SGE can contain more
important information than those generalized algorithms.
Extensive experiments and comprehensive comparison on
real-world data are performed to demonstrate the
robustness of our proposed TSS/SGE.

The rest of the paper is organized as follows: classical
algorithms are briefly reviewed in Section 2. In Section 3,
we generalize these classical algorithms for computing
the discriminant transformation of SGE, and then theore-
tically analyze the robustness of these generalized algo-
rithms. TSS/SGE is described in Section 4. In Section 5,
extensive experiments and comprehensive comparison
are performed to demonstrate the robustness of our
proposed TSS/SGE. Finally, conclusions are summarized
in Section 6.

2. An overview of classical algorithms

In this section, we give a brief overview of classical
algorithms which can extract the discriminant transfor-
mation of LDA. These classical algorithms include PCAþ
LDA [4], pseudo Fisher linear discriminant analysis
(PFLDA) [8], LDA/GSVD [9], LDA/FKT [16], PCAþNull
Space Method ðPCAþ NSMÞ [13] and Robust Algorithm
(RA) [3]. For the convenience of understanding, in the
following, the small italic letters denote scalars, such as a,
b, c; the small bold non-italic letters denote vectors, such
as a, b, c; and the capital bold non-italic letters denote
matrices, such as A, B, C. Let we have n samples fxijxi 2

Rdgni¼1 belonging to c classes, the number of samples in the
ith class is ni, and xi

j denotes the jth sample in the ith class.

Defining

Hb ¼ ½
ffiffiffiffiffi
n1
p
ðm1 � mÞ;

ffiffiffiffiffi
n2
p
ðm2 � mÞ; . . . ;

ffiffiffiffiffi
nc
p
ðmc � mÞ�

2 Rd�c (2)

Hw ¼ ½X1 � m1eT
1;X2 � m2eT

2; . . . ;Xc � mceT
c � 2 Rd�n (3)

Ht ¼ ½x1 � m;x2 � m; . . . ;xn � m� 2 Rd�n (4)

where m is the mean vector of all the samples, mi is the
mean vector of the samples in the ith class, Xi is the data

matrix in the ith class, and ei ¼ ½1;1; . . . ;1�
T2ni�1. Because

of Sw ¼
Pc

i¼1

Pni
j¼1ðx

i
j � miÞðx

i
j � miÞ

T, Sb ¼
Pc

i¼1niðmi � mÞ

ðmi � mÞT and St ¼ Sw þ Sb, we can find that Sb ¼ HbHT
b ,

Sw ¼ HwHT
w and St ¼ HtH

T
t .

2.1. PCAþ LDA

The common way, dealing with the SSS problem in
LDA, is PCAþ LDA [4], which first uses PCA to reduce the
dimension of the original data before using classical LDA.
The reduced dimension for PCA is chosen to make the
within-class scatter matrix ~Sw nonsingular. In PCAþ LDA,
however, it is difficult to choose the reduced dimen-
sion for PCA. Furthermore, the PCA stage in PCAþ LDA
may result in the loss of important discriminative
information.

2.2. PFLDA

Based on the pseudo-inverse of the within-class scatter
matrix, PFLDA was proposed [8]. In PFLDA, the discrimi-

nant transformation Q � can be extracted by eigen-

decomposition of SþwSb, where Sþw is the pseudo-inverse

of Sw. Let Sw ¼ UwRwUT
w, where Rw ¼ diagðlw

1 ; . . . ; l
w
r Þ,

Uw ¼ ½uw
1 ; . . . ;u

w
r �, l

w
i and uw

i are the ith largest eigenvalue

and the corresponding eigenvector of Sw, and r ¼ rankðSwÞ.

The pseudo-inverse of Sw can be computed as Sþw ¼

UwR�1
w UT

w [2].

2.3. PCAþ NSM

In 1997, Belhumeur et al. [4] first briefly mentioned the
idea of the NSM by the following objective function:

Q � ¼ arg max
traceðQ TSwQ Þ¼0

traceðQ TSbQ Þ

traceðQ TQ Þ
(5)

In this idea, the samples are first projected onto the null
space of Sw. Then the transformation is computed by
maximizing the between-class scatter of projected sam-
ples. Different from the NSM, PCAþ NSM [13] was
proposed to improve the efficiency of the NSM. Since
the null space of St ¼ Sb þ Sw is the intersection of the
null space of Sb and the null space of Sw, the samples are
first projected onto the range space of St without loss
of any discriminative information. Then the transforma-
tion is extracted in the new low dimensional space by
the NSM.
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