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On the basis of the auxiliary model identification idea, this paper studies the filtering based parameter
estimation issues for a class of multivariable control systems with colored noise. An auxiliary model
based hierarchical stochastic gradient (AM-HSG) algorithm is given for comparison and a data filtering
AM-HSG identification algorithm is derived by using the data filtering technique. Its main key is to
decompose a multivariable system into two subsystems and to coordinate the associate items between
two subsystem identification algorithms. The convergence analysis indicates that the parameter esti-
mates given by the presented algorithms converge to the true values under proper conditions by using
the stochastic process theory. The simulation results show that the proposed hierarchical stochastic
gradient estimation algorithms are effective.
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1. Introduction

Parameter estimation of multivariable systems is important in
various fields such as process control [1-3], signal processing and
system modeling [4,5], and network communication [6,7]. Many
identification methods of the multivariable systems have been
reported for the past decades, e.g., the hierarchical identification
methods [8-10], the recursive robust methods [11,12], the max-
imum likelihood estimation methods [13,14], and the subspace
identification methods [15,16]. Most of the above-mentioned
identification approaches focus on the multivariable systems with
white noise disturbance. However, the case with colored noise
disturbance has not been fully investigated and still needs more
attention. Therefore, this paper is aimed to solve the identification
issues of the multivariable systems with colored noise.

In the area of parameter estimation, the hierarchical identifi-
cation principle based on the decomposition technique can deal
with parameter estimation for multivariable systems [17-19]. The
auxiliary model identification idea can handle the identification
problems in the presence of the unmeasurable variables in the
information vector [20,21]. In this aspect, Liu et al. studied multi-
innovation stochastic gradient algorithms for multiple-input sin-
gle-output systems using the auxiliary model [22]; Wang and
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Zhang gave an improved least squares identification algorithm for
multivariable Hammerstein output error moving average systems
[23]; Jafari et al. used the hierarchical identification principle to
solve the identification problems of the multi-input multi-output
nonlinear systems with colored noises and presented an iterative
hierarchical least squares algorithm [24].

The filtering technique based least squares algorithm and gra-
dient algorithm can be used to reduce the computational burdens of
identification algorithms and to improve the estimation accuracy
through filtering the input-output data of the systems [25-27]. In
this literature, Wang and Tang used the data filtering technique to
study the identification problem for a class of nonlinear systems and
presented the gradient-based iterative estimation algorithms [28];
Ding et al. presented an auxiliary model based least squares algo-
rithm for a dual-rate state space system with time-delay by means of
the data filtering [29]; Li and Shi investigated the H-infinity filtering
problem for a class of general nonlinear stochastic systems con-
sidering model uncertainties and random time delays governed by
Markov chains simultaneously [30].

Recently, Vladimir et al. studied robust Kalman filtering for
nonlinear multivariable stochastic systems in the presence of non-
Gaussian noise [31] and presented a joint state and parameter
robust estimation of stochastic nonlinear systems [32]. For non-
Gaussian disturbance noise, this paper considers the identification
problem of multivariable Box—Jenkins systems with autoregressive
moving average noise and the main contributions are as follows.

® An auxiliary model based hierarchical stochastic gradient (AM-
HSG) algorithm and a forgetting factor based AM-HSG
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algorithm are presented for the multivariable Box-Jenkins sys-
tems using the auxiliary model identification idea and the
hierarchical identification principle.

® A data filtering based AM-HSG algorithm is derived to improve
the parameter estimation accuracy for the multivariable Box—
Jenkins systems by means of the data filtering technique.

® The convergence theorems of the proposed algorithms are es-
tablished by using the stochastic process theory and assuming
that the disturbance is a zero-mean stochastic noise with
bounded variances.

The rest of this paper is organized as follows. Section 2 introduces the
problem formulation for multivariable Box-Jenkins system identifica-
tion. Section 3 presents an AM-HSG algorithm for multivariable Box—
Jenkins systems and Section 4 analyzes its convergence performance.
Section 5 employs the data filtering technique and presents a data
filtering based AM-HSG (F-AM-HSG) identification algorithm. Section
6 gives an example for testing the AM-HSG and the F-AM-HSG
algorithms. Finally, the concluding remarks are given in Section 7.

2. The problem formulation

Consider a multivariable Box-Jenkins system,

o = 2Dy DDy,

a(q) C@ M

where y(k) € R" is the system output vector, uck) € R is the
system input vector, v(k) € R™ is a stochastic white noise vector
with zero mean, a(q), C(q) and D(q) are the monic polynomials in
the unit backward shift operator q~! [q”'y(k) = yk — 1)1, B(@) is a
matrix polynomial in q~', and are defined by

a@=1+ o'+ g’ + e+ ag ™",
B@=B,q" +B,a72 + - +pq7", p eR™,
G ER,

a; €R,

C@=1+aq"+6q+ - +c, 0",
D@y=1+dg' +dyg* + - +d, g™, deR.

Define two intermediate variables

x(k)::ﬂg—giu(k) =- Y axk—i)+ Y puk — i) eR",
a

i=1 i=1 2)
w(k)::@v(k) =- % cw(k — i) + % div(k — i) + v(k) € R™.
@ i=1 i=1 3)

Define the parameter vectors 4§, 9, and 9, the parameter matrix 0,
and the information matrices yy(k), y;(k), w(k), the information
vector (k) as

d¢=[ay, ap, ..., an]T eR",

8,:=[Gy &y .oy oo Oy, Oy, ., dy T € RYHT,

0":=(8,, B,. ... B,] € R™™,

y o=l - x(k - 1), - x(k - 2), ..., — *(k — n)] e R™",
y, (k)= = w(k = 1), —wk - 2), ..., - w(k - np),

vk — 1), vk = 2), ..., v(k — ny] € R™0ctnd),
pUo=[u"k — 1), u"k = 2), ..., u"(k - n] eR™,

39
9= *le R Nctnd

n

w(k)=[y k), (k)] € R™ et na),

Using the above definitions, Eqs. (2) and (3) can be written as

x(k) = y ()9 + 0% (k), “4)

w(k) =y, ()8, + v(k). (5)
Thus, Eq. (1) can be rewritten as
Yk = w9 + 0" pk) + w, ()8, + vik) = w(k)d + 8 (k) + v(k). (6)

Eq. (6) is the identification model of the multivariable Box—Jenkins
systems. The objective of this paper is to study novel identification
methods for estimating the parameter vectors/matrix in (6) by
means of the filtering technique and the auxiliary model identi-
fication idea and to analyze the convergence performances of the
presented algorithms.

3. The auxiliary model HSG algorithm

Let ﬁ(k)::['gs(:’”)] € R"ctd he the estimate of & at time k, and
n(k

é\(k) be the estimate of @ at time k. Define two quadratic cost
functions J,(8):=),@) = | y(k) — w(k)9 — 0'p(k)| . Using the nega-
tive gradient search [33], and minimizing the cost functions J,(&#)
and J,(0) yield the following equations:

w' k)

A A A AT
k) =9k — 1) + ——=[yk) — w8k — 1) — 6 (k — DHpk)],
(k) = &( ) k) &) — wk)d( ) ( Jp(K)] 7

nky=nk — 1) + [y &P, 10 =1, ®)
o = bk - 1) + 2R k) — widodk - 1) - 6k - DT,

k) 9
rky=nk = 1) + [ @I,  1,(0) = 1. (10

Like the method in [33], 1/r(k) and 1/r(k) are called the con-
vergence factors.

Remark 1. Notice that the information vector w(k) contains the
unknown inner vectors x(k — i), and the unknown noise vectors
w(k — i) and v(k — i), so the algorithm in (7)-(10) is impossible to
implement. The solution here is based on the auxiliary model
identification idea and to construct an auxiliary model: the un-
known x(k — i) is replaced with the output &k — i) of the auxiliary
model, the unknown noise terms w(k — i) and v(k — i) are replaced
with their estimates Wk — i) and ¥(k — i), respectively (see Fig. 1).

Define the estimates

wio=ly k), g, (k)] € R™ T+ etnid), 1n
Puky=l — Rk — 1), — R(k - 2), ..., — R(k — m)] € R™", 12)
P (k= — Wk — 1), = Wk = 2), ..., — W(k — np), ¥k — 1),

Yk = 2), ..., Uk — ny)] € R™Tetna), (13)

From (4)—(6), the estimates of x(k), w(k) and v(k) can be computed
through
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