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The reduced biquaternion canonical transform (RBCT) is defined in this paper, which is
the generalization of reduced biquaternion Fourier transform (RBFT). The Parseval’s
theorem related to RBCT is investigated. The concepts of reduced biquaternion
canonical convolution (RBCCV) and reduced biquaternion canonical correlation (RBCCR)
are defined, then the convolution and correlation theorem of RBCT are developed in this
paper. All these theorems can also be seen as the generalizations of the corresponding
theorem related to RBFT. Finally, the discrete form and fast algorithm of RBCT are
presented, and the computation complexity is similar to FFT.
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1. Introduction

Recently, many signal processing tools using the quater-
nions have been proposed, including quaternion Fourier
transform (QFT) [1-4], quaternion wavelet transform
(QWT) [5-7] and fractional quaternion Fourier transform
(FrQFT) [8]. However, due to the noncommutative property
of the quaternion multiplication, some important theorems
cannot be generalized to quaternion signal processing tools.
For example, the Parseval’s theorem does not hold for
FrQFT; the convolution of two quaternion signal f{x,y) and
g(x,y) cannot be calculated by the product of their QFT [3].
In addition, the computation of QFT and FrQFT are some-
what complex. In order to overcome these drawbacks, we
combine the reduced biquaterion algebra and the linear
canonical transform (LCT) and propose the reduced biqua-
terion canonical transform (RBCT).
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Linear canonical transform (LCT) [10-14] is an impor-
tant tool in signal processing. Many transforms such as
Fourier transform, fractional Fourier transform and the
Fresnel transform are special cases of the LCT. During the
last decade, there were many achievements associated
with the LCT [15-21]. However, the LCT deals with real
scalar signal or complex signal (analytical signal [19]),
none of them processes reduced biquaternion signals. As
the generalization of complex signal, reduced biquater-
nion signal, has one real part and three imaginary parts.
Based on reduced biquaternion (RB) algebra system, we
define the reduced biquaternion canonical transform,
which can process reduced biquaternion signals.

In Section 2, we first give a brief introduction about
quaternion and reduced biquaternion. The reduced biqua-
ternion canonical transform is defined, which can process
not only real scalar or complex signal but also reduced
biquaternion signal. The Parseval's equality of RBCT is
derived in Section 3. Moreover, in Sections 4 and 5, we
generalize the definitions of convolution and correlation,
propose the reduced biquaternion canonical convolution
(RBCCV) and reduced biquaternion canonical correlation
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(RBCCR). The convolution and correlation theorems of RBCT
are derived. The theorems show that the RBCCV or RBCCR
can be calculated in the RBCT domain. Section 6 developed
the discrete form and fast algorithm of RBCT, simulations
are also implemented. Finally, conclusions are made in
Section 7.

2. Preliminaries
2.1. The quaternion signal and reduced biquaternion signal

The quaternion, which is a type of hypercomplex
number, was formally introduced by Hamilton in 1843. It
is a generalization of complex number. We know that a
complex number has two components: the real part and
imaginary part. However, the quaternion has four parts,
i.e., one real part and three imaginary parts. For a quater-
nion g, which can be written in a rectangular form as
follows: q=q,+qii+q;j+qik, where qr,q;,q;,qx € R and i,jk
are complex operators obeying the following rules:
iz :jz = kz = —1, l:j: —_]l: k, ]k: —kj: i, ki = —ik :j

(1)

Correspondingly, the complex signal can be generalized to
quaternion signal, i.e., flxy)=Ff{xy)+ifi(xy)+if(xy)+kfi(xy),
where fi(x,y).fi(x.¥).fix¥).fu(x.y) € R2. Some signal proces-
sing tools can process quaternion signals, including qua-
ternion Fourier transform, quaternion wavelet transform,
fractional quaternion Fourier transform and quaternion
Fourier-Mellin moment [9].

However, the multiplication rule of quaternions is not
commutative. T.A.Ell defined the double-complex algebra,
which is similar to quaternions but with commutative
multiplication [1]. In Ref. [22], reduced biquaternions
(RBs) was proposed, and commutative multiplication
was defined for it.

The description of RBs is q=q-+qii+qj+qik, where
4r.9:,9;,qk € R, the imaginary operators obey the following
multiplicative rules:
2=k=—1, =1, ij=ji=k, jk=kji=1i, ki=ik=—j

2

RBs can also be represented as follows: g=q;+q5j,
where g1 =qr+qil, g2=0;+qil.

Another representation of RBs is e;—e, form [23], i.e.,
q=q1+92j = q1+281+q1-2€2, where g1, 2=01+q2, G1-2=
q1—q2, 1 =(1+))/2, e =(1—j)/2. We will use e; —e, form
of RB signals to develop the fast algorithm of RBCT in
Section 6.

In Ref. [24], the norm and conjugate of RBs were
defined. The norm of a reduced biquaternion q=q,+q;i+
qj-’-qkk is

gl =1(a7 +F + +07)* ~4(qrq; + e’ T 3)
the conjugate of q is
a=Iqi*q" =lql*/q “)

The two-dimensional reduced biquaternion signal f{x,y)
is defined as follows: flxy)=f{xy)+ifi(xy)+ifi(xy)+kfi
(xy). For any two reduced biquaternion signals f{x,y) and

‘2 -1

8xy), fxy)=fxy)+falxy), gxy)=g1(xy)+g(x.y)j, where
[ =L +iixy),  LEy)=fxy)+ifixy), gaxy)=
&(xy)+igxy), gAxy)=g(xy)+igxy). According to the
multiplication rule of reduced biquaternion, we have

FxYgx.y) =gxf (x.y) = [fi(x)g1(X.Y) +£(X.y)g82(x.y)]
+ilfi Y& x.y) +(x.y)g81 (X.Y)] 5)

If flx,y) and g(x,y) are quaternion signals, Eq. (5) will
not holds, i.e., f(x,y)gXx,y) #gXx.Y)f (x.Y).

2.2. Definition of the RBCT

Definition 1. Let f{x,y) be a reduced biquaternion signal
with condition [*°_ [*_If(x,y)I? dx dy < oo, then the RBCT
of flx,y) with parameters A; and A, is defined as

Fiu™ ) L [f (xy))(u,v)

e ff“oof(x,y)KiA‘ (x,u)K?2 y,v)dxdy, bib,#0
- \/Mf(dl u,d, U)ei(f’ dy /2)u? ek(czd2/2)u2 , biby=0
(6)

where

1 2 2
KA (x,u) = 4 /- ei((dh /2bu? +(ar /2by)x* —(1/b1)ux) 7
i (xu) VlZch] (7)
1 2 2
KA V) = ek((da2/2by)v? + (a2 /2b2)y* ~(1/b2)vy) 8
K0V \/ k27h, ®

A1 =(a1,b1,C1,d1 ), A2=(a2,b2,C2,d2), as,bs,Cs,dS € R,S = 1,2
ﬂ1d1 —b]C1=1, ﬂzdz—szz:l.

If Ay=A>=(0,1,—1,0), the RBCT will be reduced to RBFT
[24,25]. If A;=/(cosa,sina,—sina,cosa), Az = (cosp,sinf,
—sinf,cosf), we can define the fractional reduced biqua-
ternion Fourier transform (FrRBFT). In Ref. [8], the frac-
tional quaternion Fourier transform was defined. Because
the definition of FrQFT is based on quaternion algebra, so
the commutative property of multiplication does not
hold. This drawback leads to that the FrQFT does not
satisfy parseval’s principle any longer and the computa-
tion of the FrQFT is more complex. As a special case of
RBCT, the definition of FrRBFT is based on commutative
quaternion algebra. So the FrRBFT can overcome the
drawback mentioned above. If f{x,y) is the real scalar or
complex signal, and set the imaginary operator k=i in
Eq. (6), then the RBCT will be reduced to traditional two-
dimensional LCT. So the RBCT can also be seen as the
generalization of LCT [19,26,27].

The inverse transform of the RBCT is also given by a
reduced biquaternion canonical transform with para-
meters: Af1=(d1,—b1,—c1,a1) and A{1=(d2,—b2,—cz,a2),
that is

fougy = d P Fia k™ sk (v,0) dudv, byby 0
X,y)= ' .

/aq azf(alx'azy)e*I(M c1/2)x e ke, /2)y? ) bl b2 =0

(C)
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