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Image denoising is a fundamental problem in image processing. This paper proposes a
nonmonotone adaptive gradient method (NAGM) for impulse noise removal. The NAGM
is a low-complexity method and its global convergence can be established. Numerical
results illustrate the efficiency of the NAGM and indicate that such a nonmonotone
method is more suitable to solve some large-scale signal processing problems.
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1. Introduction

Images are often corrupted by impulse noise in which
the noisy pixels are assumed to be randomly distributed in
the image. An important characteristic of impulse noise is
that only part of the pixels are contaminated by the noise
and the rest are free. There are two common types of
impulse noise: one is the salt-and-pepper noise and the
other is the random-valued impulse noise. For images
corrupted by salt-and-pepper noise (respectively, random-
valued noise), the noisy pixels can take only the maximal
and minimal pixel values (respectively, any random value)
in the dynamic. The goal of noise removal is to suppress the
noise while preserving image details. The median filter was
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once the main method for removing impulse noise [1]. Over
the years, several improved methods for impulse noise
removal with different noise detectors were proposed, for
example, the adaptive median filter (AMF) [2] and adaptive
center-weighted median filter (ACWMF) [3], etc. These
nonlinear filters can detect the noisy pixels even at a high
noise level. However, they cannot restore such pixels
satisfactorily because they do not take into account local
image features such as the possible presence of edges.
Hence details and edges are not recovered well, especially
when the noise level is high.

Recently, a two-phase method was proposed in [4,5].
The first phase is the detection of the noise pixels by using
the adaptive median filter (AMF) [2] for salt-and-pepper
noise while for random-valued noise, it is accomplished
by using the adaptive center-weighted median filter
(ACWMF) [3]. Let the true image denoted by X, and
A=1{1,23,...,M} x {1,2,3,...,N} be the index set of X. Let
N c A denote the set of indices of the noise pixels
detected in the first phase. Let V;; denote the set of the
four closest neighbors of the pixel at position (i,j) € A and
yij be the observed pixel value of the image at position
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(i, ), and u = [u; ] denote a column vector of length ¢
ordered lexicographically. Here ¢ is the number of
elements of . Let ¢, be an edge-preserving functional
and set Sf; =3, mevy W Po(Uij—Ym.n), St =2m, mevinw Pa
(U j—Um, ,,) Then the second phase is the recovering of the
noise pixels by mmlmlzmg the following functional:

goc(u)_ Z |ul,_] y1]|+ Z (2 S (1)
(LpeN (1 J)eN
where first summation is a data-fitting term and the
second summation is a regularization term, and 7 >0 is a
parameter. An example of edge-preserving potential
function is ¢,(t)=+o+t?,a>0, which corresponds to
the popular smoothly approximated total variation (TV)
regularization term. The explanation of the extra factor
“2” in the second summation in (1) can be seen in [7].
The two-phase method can restore large patches of
noisy pixels because it introduces pertinent prior in-
formation via the regularization term. However, the
functional to be minimized in the second phase is
nonsmooth, and it is costly to get the minimizer. The
relaxation method in [4,5] is convergent but slow. To
improve the computational efficiency, it was proposed in
[6] to drop the nonsmooth data-fitting term, as it is not
needed in the 2-phase method, where only noisy pixels
are restored in the minimization. Therefore, there are a lot
of optimization methods can be extended to minimize
smooth edge-preserving regularization (EPR) functional. A
Newton method was proposed in [6], a quasi-Newton
method was presented in [7] and a class of conjugate
gradient methods were considered in [7,8] to minimize
the following smooth functional:

Gu()= > (2-S};+S7). )
(i,j)eN

This paper proposes an effective nonmonotone method
to solve the above minimization problem. Section 2
describes our globally convergent nonmonotone adaptive
gradient method (NAGM) in detail. Section 3 gives
numerical results to illustrate the convergence and
efficiency of the proposed method. Finally we have a
conclusion section.

2. Adaptive gradient method

Given a starting point up and using the notation
g = Vf(uy), the gradient methods for min, gnf(u) are
defined by the iteration uy.q=ux—tygk, k=0,1,..., where
the stepsize t, >0 is determined through an appropriate
selection rule. In the classical steepest descent (SD)
method, the stepsize t, > 0 is obtained by minimizing the
function f{u) along the ray {u,—tgy : t > 0}. In 1988, Barzilai
and Borwein (BB) [9] developed an ingenious gradient
method in which stepsize t;(k > 0) is determined by
tBBl _

T T

Sk_15k—1 BB, _ Yk—15k-1
T or tk - T ’

yk,1sk—l yk,1yk—1

where Sp_i1=u—U,_1 and y,_1=8x—8k_1. In fact, t is
derived from an approximately secant equation:
t = argmin, g I(1/60)s,_1—Yx 1l and £ = argmin, g
Hsk 1—tyy_1ll2. It is clear that tBBl > tBB2 The BB method

performs much better than the SD method in practice.
Especially, when the objective function is convex quadratic
function and n=2, the BB method converges R-super-
linearly to the global minimizer [9]. For any dimension
convex quadratic function, it is still globally convergent
[10] but the convergence is R-linear [11]. In the last years,
stepsize selection rules in gradient methods have received
an increasing interest from both the theoretical and the
practical point of view [12,13]. In [12], Zhou et al. proposed
a gradient method with an adaptive stepsize:

BB2
thz if k

t= k (3)
BB otherwi
k otherwise,

where k € (0,1) is a constant. They interpret (3) as follows:
If the previous iterate u, is a bad point (e.g. when
% /t?» < 0.15) for the minimal gradient method, and so
that there is little reduction in lg(u)!%, choose the smaller
stepsize t;”?; otherwise, choose the larger stepsize t;°'.
Their numerical results show that this adaptive stepsize
can improve its practical performance.

In this paper, we consider a new gradient method
which adaptively choose a small stepsize or a large
stepsize at each iteration such as

BB, if 1 51T Yi-1
terif kis odd or A= 0 _> f)
tk = HSk_] Il Hyk—] [l (4)

thZ otherwise,

where ff<1 is close to 1. It is easy to derive that
6% /678 = (sT_,Yk_1/lIsk_11llyx_11)*. Even then, the switch
condition in (4) is different to that in (3). And we can
interpret Eq. (4) in a different viewpoint. Let Hy, = V2f(u).
We know that S Vi1 /s 1 11 1l ~ gl Hyg/
gl - 1Hgill. When gTHy gy /lIgell - I1H gkl ~ 1, the gradient
g, can be regarded as a good approximation of an
eigenvector of the Hessian matrix Hy. In this case, it is
reasonable to choose t=t"" since 1/t"" is a good
approximation to the corresponding eigenvalue. In addi-
tion, this adaptive gradient method might overcome the
drawbacks of the SD method in an efficient manner. Here
the small stepsize tEBZ is primarily used to induce a
favorable descent direction for the next iteration, while
the large stepsize tf& is primarily used to produce a
sufficient reduction (see for instance [12] for more
mathematical analysis of this problem).

In order to ensure global convergence for the BB-like
method, it is necessary to modify the BB-like method
by incorporating some sort of line search [13,14]. In [14],
Dai and Fletcher proposed an adaptive nonmonotone
line search. The numerical results reported in [14]
show that this kind of line search is particularly
suitable for the BB method in the nonquadratic case. The
method has a reference function value f, and
each iteration must improve on the reference value such
that

flug+Ady) < fr+0ghdy, 5)

where d,=—t; g, denotes the current search direction,
0 € (0,1) is a given constant and 4 > 0 is the tried stepsize.
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