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This paper deals with the maximum likelihood (ML) estimation of scatter matrix of
complex elliptically symmetric (CES) distributed data when the hypothesized and the true
model belong to the CES family but are different, then under mismatched model condition.
Firstly, we derive the Huber limit, or sandwich matrix expression, for a generic CES model.
Then, we compare the performance of mismatched and matched ML estimators to the
Huber limit and to the Cramér-Rao lower bound (CRLB) in some relevant study cases.
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1. Introduction

A fundamental assumption underlying the analysis of
the statistical properties of the maximum likelihood (ML)
estimators is that the true data model and the model used
for the ML estimator calculation are the same, that is, the
model is correctly specified. Unfortunately, this is not
always the case and a model mismatch is possible. It is
natural to ask ourselves what happens to the ML estima-
tors properties under mismatched conditions. Huber [7]
and White [14] have provided an interesting answer to this
question. In their work, they proved that the asymptotic
distribution of the ML estimator in misspecified models is
concentrated on the Kullback-Leibler (KL) divergence
minimizing pseudo-true value and it is Gaussian with the
“sandwich” covariance matrix, to first asymptotic order.

With a formal and rigorous description, let {z;}¥_, be a
set of independent and identically distributed (IID) vec-
tors, each one with probability distribution F(z) that
admits a measurable probability density function (pdf)
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f=dF/du with respect to some o-finite measure . Sup-
pose that a model with probability distribution H(z, ®) and
measurable pdf h(z,0)=dH(z,0)/du, with 6e® CR", is
assumed, yielding a log-likelihood function (LLF) equal to
In Lg(0) = YK _ ,In h(z,, 0). If F(z) # H(z. 0) for 0 € 6, then the
assumed model is misspecified.

Let Oy = arg maxy In Lg(0) be the ML estimator of 6.
Since K~!'InLg(®) is the sample mean estimator for
Io(0) = E{ In h(z,0)}, 6y, will be consistent for the value
09 = arg maxyE{ In h(z, 0)}, where the expectation is calcu-
lated with respect to F(z). If F(z) is absolutely continuous
with respect to H(z, 0), then

f@
h(z,0)

lo(0)—E{Inf(z)} = — /ln dF(z) = —KL(F,H), 1)

where KL(F,H) in the KL divergence between the true
model F(z) and the assumed model H(z,0), so 0 is
also the KL minimizing vector, i.e. 8o = argminy KL(F, H).
In the correctly specified model, 0, is the true data
generating parameter vector. In misspecified models,
this is the “pseudo-true” vector. Moreover, invoking the
central-limit theorem (CLT), Huber and White proved that


www.sciencedirect.com/science/journal/01651684
www.elsevier.com/locate/sigpro
http://dx.doi.org/10.1016/j.sigpro.2014.04.002
http://dx.doi.org/10.1016/j.sigpro.2014.04.002
http://dx.doi.org/10.1016/j.sigpro.2014.04.002
http://crossmark.crossref.org/dialog/?doi=10.1016/j.sigpro.2014.04.002&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1016/j.sigpro.2014.04.002&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1016/j.sigpro.2014.04.002&domain=pdf
mailto:m.greco@iet.unipi.it
http://dx.doi.org/10.1016/j.sigpro.2014.04.002

382 M. Greco et al. / Signal Processing 104 (2014) 381-386

when K—oco we have K@y, —00)— N(0,H(0,)), where
H(8o) = C(85) ~ 'B(8p)C(8p) ', and

(o= £ 00
ij = B

06;06;
o oln h(Z; 0g) 0 In h(Z; 0p)
[B(BO)]U - E{ 90; ()9]' 5

where the mean values are taken with respect to the true
data pdf f(z). H(8p) is the Huber “sandwich” matrix. If the
model is correctly specified, B(8g) = —C(0g) and both B(0,)
and H™!(0y) are equal to the Fisher information matrix
(FIM). Differently from the Cramér-Rao lower bound
(CRLB), that is calculated from the FIM, the Huber limits
are not lower nor upper bounds. However, they can help in
measuring the effect of model mismatch, at least asymp-
totically, that is, for a large number K of independent data
vectors.

In this work, we derive the Huber limits on the estima-
tion of the covariance matrix of CES distributed data, that is,
when the true and the assumed pdf models belong to the
CES family, but they are different.

Notations: We use tr(A), |A] and A" to denote the trace,
i.e. the sum of all the elements along the matrix main
diagonal, the determinant and the Hermitian of the matrix
A, respectively. Moreover =4 means equal in distribution.

2. Huber limits for CES distributed random vectors

CES distributions constitute a wide family of distribu-
tions whose complex Gaussian, Cauchy, Generalized Gaus-
sian, compound-Gaussian, such as K-distribution and
complex-t, are particular cases. The CES distributions are
widely applied in many areas, such as radar, sonar, and
communications [11,10]. In many applications, where adap-
tive signal processing is performed, the estimation of the
observation vector covariance matrix is required (see e.g.
[9,6,1-4,15,16]), that is why we address here the problem of
asymptotic performance evaluation of ML matrix estimators
under mismatched modeling.

A complex N-dimensional random vector z is CES
distributed, in shorthand notation ze CEy(p,X,g), if its
pdf is of the form

h(z) = cnglZ| gz -z~ z—p)), )

where g is the density generator, cyg is a normalizing
constant, p = E{z} and X is the full-rank normalized covar-
iance matrix, also called scatter matrix, such that tr(X) = N.
In particular, if M=E{z—p)z—p)"} is the covariance
matrix of the vector z, then X = N/tr(M) - M. It is important
to observe that for some CES distributions the un-
normalized covariance matrix M = E{zz""} does not exist,
but the scatter matrix X is still well defined.

Based upon the stochastic representation theorem, [10]
any ze CEn(n, Z,g) with rank(Z)=k <N admits the sto-
chastic representation z = ;p +RTu = ;u + RT(W/Ry), where
the non-negative random variable (r.v.) R2 ,/Q, the so-
called modular variate, is a real, non-negative random
variable, u is a k-dimensional vector uniformly distributed
on the unit hyper-sphere with k—1 topological dimensions
such that uHu = 1, R and u are independent and £ =TT" is a

factorization of X, where T is a N x k matrix and rank(T) = k.
In the following derivations, we suppose that X is full-rank,
then rank(T)=rank(X)=N, and that it is real. w is a
complex normal distributed random vector, w ~ CN(0,I),
and R%2Q,, is a Gamma distributed non-negative r.v.,
independent of u and z, with shape and scale parameters
equal to N and 1, respectively, i.e. Q, ~Gam(N,1). In
particular, we have that E{Q,,} = N and E{Qﬁ,} =N(N+1).

Since in many scenarios (e.g. radar and sonar) the mean
value of the data vectors can be considered null, we
assume in the derivations p=0. Moreover, we suppose
that all the characteristic parameters of the CES distribu-
tions are known, except the elements of the scatter matrix
X, hence in our case 8 = vec(X). It is worth noting that the
following derivation is valid also in the case that not all the
elements of the scatter matrix X are unknown, e.g. because
the matrix has some a priori known structure (e.g. sym-
metric, known trace, or autoregressive model). In this case,
0 is only a subset of the elements of X. If all the elements
are unknown, the Huber limit for CES distributions repre-
sents an alternative formulation of the asymptotic covar-
iance of M-estimators, as presented in [10]. Let us now
calculate the Huber limits.

Evaluation of E {73 In 0’;?’?9) ¢In hz:6) l“agj”)}

By defining t=z"2- 'z, A; =0X/00;, and remembering
that (01In |Z|/06;) =tr(Z~'A;) and (A(Z'Z~'z))/06; = — 2"
=~ 1A= "'z [8, p. 521,13, p. 1401], we have that
olnh(z;0) olng(t)

09; ot
Then,

o In h(z; 0) o In h(z; 0)

90; 00;

oln g(t)
ot

oln g(t)
("

—tr(z~1A)— Zix- 1A= 1z 3)

=t ANt 'A))

el (tr@ADA; +tr(ETADANE 1z

2
) 2"z Az " 'z2"E - AE Tz, (4)

By making use of the stochastic representation of z [10] in
(4), we can state that t = zHx -1z = RPuTE - "Tu=R*2Q
(the so-called second-order modular variate). Defining the
vector X =Tu=T(w/Ry,), with R,, independent of w, and
the vector t=Tw ~ CN(0, ) with = = E{tt"} we can write

olnh(z;0) 0In h(z;0) g “1a
26, 3, =tr(X APt A)

alngQ)
aQ X

+Q He=1(trz~'ADA; +tr(E~'ADAHZ ~ 'x

2
+ <Q76 lr;gQ(Q)> Xz AT Ik TA T X 5)
Now observing that, for instance [5], E{t"=-1AZ "1t} =
E(RZ)E{x"=~'A;z~'x}, and using the properties of com-
plex Gaussian vectors [8, p. 564], that E{tfE=-TA;Z 1t} =
tr(Z~TAZ T TE{tt)) = tr(z~'A)) and E{t"Ct t'Dt) = tr(Cx)
tr(DX) + tr(CEDX), where C and D are Hermitian matrices,
we obtain

E d1n h(z;0) 0 In h(z; 0)

26; 96;

} =t ANt 'A))
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