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a b s t r a c t

Since the optimization of the free parameters in the lattice structure of linear phase
perfect reconstruction filter bank (LPPRFB) is commonly highly nonlinear, the initializa-
tion of the free parameters is important before starting the optimization. We system-
atically study the initialization of the free parameters, following the way that initializes
the free parameters in a higher-order LPPRFB by those in a lower-order one. The proposed
method is carried out in two steps: formulating the relation between the higher-order and
the lower-order LPPRFBs in terms of polyphase matrices, and then implementing the
initialization based on the relation. Design examples show that, compared with publi-
shed LPPRFBs, the filter banks yielded by our method show comparable or even better
performance.

& 2013 Elsevier B.V. All rights reserved.

1. Introduction

Filter bank has been extensively used in signal processing
[1–4], especially linear phase perfect reconstruction filter bank
(LPPRFB). The design of LPPRFB can be efficiently carried out
via lattice structure [5–20]. Such obtained filter banks include
free parameters, which can be optimized to produce better
filter banks. Unfortunately, the optimization is usually highly
nonlinear and very sensitive to the initial values of the free
parameters, and an improper initialization will yield only
suboptimal or even impractical filter banks1. Therefore, the

initialization of the free parameters is important before start-
ing the optimization.

Such issue has been mentioned in the literature but
without systematical studies. In the design examples of
[21–23], the free parameters are initialized to be constants
or initialized randomly. The initial filter bank (i.e. the filter
bank corresponding to the initial values of the free para-
meters) is generally impractical one (rather than practical
one), and it is relatively difficult for the subsequent
optimization to produce optimized filter bank with opti-
mal performance.

If the free parameters can be initialized such that the initial
values correspond to a practical filter bank (e.g. DCT filter
bank), it is more possible for the subsequent optimization to
approach optimal optimized filter bank. In the design example
of [10], Gan et al. initialized the free parameters in an order-
four filter bank by those in a Walsh–Hadamard Transform
(WHT) filter bank (an order-zero practical filter bank). In [14],
Liang et al. initialized the free parameters in a higher-order
filter bank by those in a DCT filter bank (also an order-zero
practical filter bank). Such action in [10,14] has reflected the
way that initializes the free parameters in a higher-order
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filter bank by those in a lower-order one. Nevertheless, the
initializations in [10,14] were restricted to be used for the case
with lower order of zero, and the lower-order filter bank was
limited to be WHT or DCT filer bank. Besides, the initialization
in [10] was used for LPPRFB limited with pairwise mirror
image frequency response, and the increasing order2 was four
(can be generalized to other even numbers but not including
odd numbers).

This paper will give a systematical study of the initi-
alization of the free parameters, following the way that
initializes the free parameters in a higher-order LPPRFB by
those in a lower-order one. We first formulate the relation
between the higher-order and the lower-order LPPRFBs in
terms of polyphase matrices, and then implement the
initialization according to the relation. The lower order in
the proposed method is not limited to be zero, the lower-
order filter bank is not restricted to be WHT or DCT filter
bank, the increasing order can be any integer allowed by an
LPPRFB system, and the method can be used for the LPPRFB
without the limitation of pairwise mirror image frequency
response. As illustrated in the design examples, in contrast
to published LPPRFBs, the filter banks yielded by the
proposed method show comparable or even better perfor-
mance. Some notations in this paper are described as
follows. Identity matrix, exchange matrix, and null matrix
are denoted by I, J, and 0, respectively; and the subscripts
will be given if their sizes are not clear from the context.

2. Preliminaries

For an M-channel filter bank with each filter of length
MK, the analysis filters can be denoted by HiðzÞ ¼
∑KM�1

n ¼ 0 hiðnÞz�n, i¼ 0;…;M�1, and the analysis polyphase
matrix is defined as EðzÞ ¼ ðEi;lðzÞ; i; l¼ 0;…;M�1Þ with
Ei;lðzÞ ¼∑K�1

k ¼ 0hiðMkþ lÞz�k; the synthesis filters can be

represented as FiðzÞ ¼∑0
n ¼ �KMþ1f iðnÞz�n, i¼ 0;…;M�1,

and the synthesis polyphase matrix is defined as RðzÞ ¼
ðRi;lðzÞ; i; l¼ 0;…;M�1Þwith Ri;lðzÞ ¼∑K�1

k ¼ 0f lðMkþ iÞzk. Here,
hi(n) and fi(n) are filter coefficients, and K�1 is the order of
the system. Such a system is an LPPRFB if and only if the
associated polyphase matrices satisfy linear phase and perfect
reconstruction properties.

As shown in [24], an LPPRFB only exists in two cases:
(1) M is even and K is a positive integer; (2) M is odd and K
is an odd positive integer. Based upon [11,25,26], using
lattice structure, one can design an LPPRFB by factorizing
its polyphase matrix EðzÞ as

E zð Þ ¼
GK�1ðzÞ⋯G2ðzÞG1ðzÞE0; MAeven ð1aÞ
GK � 1

2
zð Þ⋯G2 zð ÞG1 zð ÞE0; MAodd ð1bÞ

(
ð1Þ

where

Gk zð Þ ¼
1
2

diag Im;Vkð ÞTM zð Þ; MAeven ð2aÞ
diag Uk; Imð Þdiag z�1; 14T2m zð Þ�
�diagðVk; ImÞT2mðzÞÞ; MAodd ð2bÞ

8>><
>>: ð2Þ

E0 ¼
ffiffiffi
2

p

2
diag U0;V0ð ÞWM diag IM�m; Jm

� �
: ð3Þ

Here, m¼ ⌊M=2c, where ⌊xc denotes the floor of the real
number x; the free invertible matrices Uk and Vk are of size
mþ1 and m, respectively. Besides,

T2mðzÞ ¼W2m diagðIm; z�1ImÞW2m: ð4Þ
The symbol W2m here as well as W2mþ1 denote special
matrices as follows:

W2m ¼
Im Im
Im �Im

" #
ð5Þ

W2mþ1 ¼
Im Imffiffiffi

2
p

Im �Im

2
64

3
75: ð6Þ

Based on the perfect reconstruction property (i.e. RðzÞ
EðzÞ ¼ z�n0 I, wherein n0 is an integer), the factorization
of RðzÞ can be easily obtained. Hence, we only focus on the
analysis polyphase matrix EðzÞ in this paper.

The free parameters in the lattice structure of LPPRFB
are all included in the free invertible matrices, i.e. Uk and
Vk. Such free parameters contain Givens rotation angles,
sign parameters and positive diagonal entries, as described
below. Each free invertible matrix of size m, according to
singular value decomposition, can be factorized as the
product ASB, where A and B are free orthogonal matrices,
and S is a positive diagonal matrix. Each free orthogonal
matrix of size m (like A and B), based on Givens rotation
decomposition [27, pp. 747–751], can be represented by
mðm�1Þ=2 Givens rotation angles and m sign parameters;
for example, such a matrix of size four can be expressed as
in Fig. 1, where ci;j ¼ cos αi;j; si;j ¼ sin αi;j, αi;j is the Givens
rotation angle, and 71 represents the sign parameter.
Each positive diagonal matrix of size m (like S) can be
represented by m positive real numbers.

3. Main result

In the following discussion, the symbols and their
version marked with the superscript “′” correspond to an
order-ðK�1Þ LPPRFB and an order-ðK′�1Þ one, respec-
tively. We try to initialize the free parameters in the
order-ðK�1Þ LPPRFB such that its filter coefficients satisfy

ðhið0Þ;…;hiðKM�1ÞÞ
¼ ð01�a0 ;h

′
ið0Þ;…;h′iðK′M�1Þ;01�a0 Þ ð7Þ

where a0 ¼MðK�K′Þ=2, and h′iðnÞ is the filter coefficient of
a practical LPPRFB with order K′�1, K′oK . Here, a0 is

Fig. 1. Factorization of orthogonal matrix.

2 Increasing order denotes the difference between the higher order
and the lower order.
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