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a b s t r a c t

In this paper, a new structure is proposed for the design of wideband variable

fractional-order (VFO) FIR differentiators. Part of subfilters in the conventional structure

are replaced by the cascade of a prefilter and the modified subfilters, such that the

performance of the designed system can be improved as well as the computational cost

can be reduced. Several examples will be presented to demonstrate the effectiveness of

the proposed method.

& 2010 Elsevier B.V. All rights reserved.

1. Introduction

Conventionally, the transfer function

Hcðz; pÞ ¼
XN

n ¼ 0

XM
m ¼ 0

hðn;mÞpmz�n ð1Þ

is used for the design of variable fractional-order (VFO)
differentiators with the desired frequency response

Hdðo;pÞ ¼ e�jIoðjoÞp ¼ e�jIoĤdðo; pÞ; o1r jojro2; p1rprp2;
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where I is a prescribed delay,
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and sgnð�Þ is a sign function. To approximate the desired
frequency response (2), the filter coefficients h(n,m) in (1)

can be divided into even part and odd part by

hðn;mÞ ¼ heðn;mÞþhoðn;mÞ; ð4Þ
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for even N. And the case for odd N can also be extended in
a similar manner, which will be shown in Section 3.
Hence, by defining

ĜemðzÞ ¼
XN

n ¼ 0

heðn;mÞz
�n; 0rmrM; ð6aÞ

ĜomðzÞ ¼
XN

n ¼ 0

hoðn;mÞz
�n; 0rmrM; ð6bÞ
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I=N/2 and (1) can be represented by

Hcðz; pÞ ¼
XM

m ¼ 0

½ĜemðzÞþĜomðzÞ�p
m; ð7Þ

which can be implemented by the structure shown in
Fig. 1(a).

The design of fractional-order differentiators is an
important topic of fractional calculus [1–4] which are
widely applied in electromagnetic theory, fluid flow,
automatic control, electrical networks and signal processing
[5–10]. Recently, several works have been proposed for the
design of fractional-order differentiators [11–18] as well as
VFO differentiators [19–21]. Among them, the latter belongs
to a branch of variable digital filters [22–30] which are
designed such that their frequency characteristics can be
adjustable online without redesigning the system. In this
paper, the design of VFO FIR differentiators will be
investigated for improving their performance or reducing
the system complexity.

It is noted that for even N the subfilters ĜemðzÞ and ĜomðzÞ

in (6) are type I and type III linear phase FIR filters [31],
respectively, and the magnitude response of the latter will
reduce to zero at folding frequency, which results in larger
amplitude distortion in higher frequency for the design of
wideband VFO FIR differentiators. In this paper, the wide-
band differentiator is denoted for that with o2Z0:9p and a
new structure will be proposed for further improving its
performance or reducing its computational cost.

This paper is organized as below. Following the
derivation at the beginning of this section, each of the
type III subfilters in (6b) are replaced by the cascade of a
type II prefilter and a type IV subfilter, which is extended
from [30]. The proposed structure will be presented in
Section 2 and the design formulation will be developed by
applying the technique of [32–34]. To illustrate the
effectiveness of the proposed method, several examples
are presented in Section 3, including comparisons with
the conventional method [21]. Finally, the conclusions are
given in Section 4.

2. Proposed structure and formulation for the design of
wideband VFO FIR differentiators

In this paper, the applied transfer function is given by

Hðz; pÞ ¼ z�K
XM

m ¼ 0

GemðzÞp
mþDðzÞ

XM
m ¼ 0

GomðzÞp
m; ð8Þ

and the structure is shown in Fig. 1(b), where D(z) is a type II
prefilter, GemðzÞ and GomðzÞ are type I and type IV subfilters,
respectively, and their transfer functions are represented by

DðzÞ ¼
XNd

n ¼ 0

dðnÞz�n; Nd : odd; ð9aÞ

GemðzÞ ¼
XNe

n ¼ 0

geðn;mÞz
�n; Ne : even; 0rmrM; ð9bÞ

GomðzÞ ¼
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n ¼ 0

goðn;mÞz
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To equalize the overall delay in (8), the integer K must
satisfy

Kþ
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2
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2
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2
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i.e.

K ¼
1

2
ðNd�NeþNoÞ: ð11Þ

It can be observed from Fig. 1(b) that the objective for
improving the performance or reducing the computational
cost can be achieved by using higher-order prefilter D(z) and
lower-order subfilters GomðzÞ and GemðzÞ when the cutoff
frequency o2 is desirable that o2Z0:9p under the cost of
larger delay.

The frequency responses of D(z), GemðzÞ and GomðzÞ can
be represented by

DðejoÞ ¼ e�jðNd=2Þo
XðNdþ1Þ=2

n ¼ 1

d̂ðnÞcos n�
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Fig. 1. Structures for the design of VFO FIR differentiators (M=3). (a) Conventional method [21]. (b) Proposed method.
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