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The paper presents sufficient conditions of predictability for continuous time processes
in deterministic setting. We found that processes with exponential decay on energy for
higher frequencies are predictable in some weak sense on some finite time horizon
defined by the rate of decay. Moreover, this predictability can be achieved uniformly
over classes of processes. Some explicit formulas for predictors are suggested.
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1. Introduction

We study pathwise predictability of continuous time
processes in deterministic setting and in the framework of
the frequency analysis. It is well known that certain
restrictions on frequency distribution can ensure addi-
tional opportunities for prediction and interpolation of
the processes. The classical result is Nyquist-Shannon-
Kotelnikov interpolation theorem for the band-limited
processes. There are related predictability results; see, e.g.,
[13,1,2,11,6,10,9,12,7,8]. These works considered predict-
ability of single processes, and the crucial assumption was
that the processes are band-limited; the predictors were
non-robust with respect to small noise in high frequen-
cies; see, e.g., the discussion in Chapter 17 from [5].

We study some special weak predictability of contin-
uous time processes. Instead of predictability of the
original processes, we study predictability of sets of
anticausal convolution integrals for a wide enough classes
of kernels. This version of predictability was introduced in
[3] for band-limited processes; it allowed to establish
uniform predictability in this weakened sense over classes
of band-limited and high-frequency processes. In the
present paper, we established some predictability for
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continuous time processes with exponential decay of
energy on the higher frequencies. It allows to consider
processes that are not band-limited. More precisely, we
obtain a sufficient condition of uniform weak predict-
ability on prediction horizon T over some classes of
processes with exponential decay of energy on higher
frequencies w — oo, when the energy is decreasing
faster than e~ T®l, An alternative formulation of this
condition in time domain is also given. The predictors
are obtained explicitly in the frequency domain via their
transfer function. These predictors are defined entirely by
the kernel of the convolution integral and their choice is
independent from the characteristics of the particular
input processes.

2. Problem setting and definitions

Let x(t) be a currently observable continuous time
process, t € R. The goal is to estimate, at a current time ¢,
the values y(t) = j'f” k(t — s)x(s)ds, where k(-) is a given
kernel, and T >0 is a given prediction horizon. At any time
t, the predictors use historical values of the observable
process x(S)|s<;-

We consider only linear predictors in the form
Y(t) = ffoo k(t — s)x(s)ds, where k(-) is a kernel that has
to be found. We will call k a predictor or predicting kernel.
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Let us describe admissible classes of k and k.

Let R* 4[0, +00), C" 4{zc C: Rez>0}, i = +/—1.

For x € L,(R) U L1(R), we denote by X = % x the function
defined on iR as the Fourier transform of x;

X(iw) = (Fx)(iw) = / ” e @xtydt, w eR.

If x € L,(R), then X is defined as an element of L,(R) (more
precisely, X(i-) € L(R)).

For x(-) € Lo(R) such that x(t) = 0 for t <0, we denote by
Zx the Laplace transform

X(p) = (£X)(p) 2 /0 Y ePxtydt, pect (2.1)

Let H" be the Hardy space of holomorphic on C* func-
tions h(p) with finite norm ||h|y = sup;.ollh(s + i®)lL,w)
r e [1,4+00] (see, e.g., [4]).

Definition 1. For T>0, we denote by .#'(T) the set of
functions k : R — R such that k(t) =0 for t¢[-T,0] and
such that k € L. (R).

Definition 2. Let A be the class of functions k: R - R
such that k(t) =0 for t<0 and such that K(-) = Lk ¢
H?> nH>.

We consider below k € 27 (T) and ke

Definition 3. Let Z be a class of processes x(-) from
Ly(R)UL;(R). Let r € [1, +o0].

(i) We say that the class & is L-predictable in the weak
sense with the prediction horizon T if, for any
k(:) e #'(T), there exists a sequence k ()}, X =
{ky (-, Z, k)23 © A such that

1y —¥, L@ —0 asy— 4oo, Vxe X,

where

t+T o
O /t . kit — s)x)ds, y,(6)2 / ky(t — s)x(s) ds.

The process yV(t) is the prediction of the process y(t).
Let the set Z# (%) —{X Fx, xe ) be provided with
anorm | - ||. We say that the class Z is L,-predictable in
the weak sense with the prediction horizon T uni-
formly with respect to the norm |- |, if, for any
k() e A (T), there exists a sequence {k,()}=
{k,(-. 2.k, |l - 1D} € o such that

(ii

—

Iy = ¥,ll,@ — 0 uniformly in (x e Z : |X|| < 1).

Here y(-) and 37y(~) are the same as above.

3. The main result

For q € {1,2}, let Z(q) = Z(q,T) be the set of processes
X(-) € L,(R) U L1(R) such that

+o00
/ eIl X (i) dw < + oo, X(iw) = Fx.

For >0, set D(Q)2R\(-Q, Q).

Clearly, if x(-) € Z(q, T), then
/ eIl X (i) Tdw — 0 as Q — +oo.
D(Q)

It can be seen also that, for any T>0, the class 2'(q,T)
includes all band-limited processes x such that X(iw) =
FxelyR), qe(1,2).

Theorem 1. Let q € {1,2}. Set r=r1(q) =
r=r(@=2ifq=2.

+oo if =1 and

(i) The class Z'(q,T) is L,-predictable in the weak sense with
the prediction horizon T.

(ii) Let %(q) = %(q,T) be a class of processes x(-) € Z(q,T)
such that

/ el X (i) 9dw — 0 as Q — +oo
D(Q)

uniformly on x(-) € %(q).

Then this class %(q, T) is L,-predictable in the weak sense
with the prediction horizon T uniformly with respect to
the norm | - Il ®)-

Some alternative descriptions and examples of sets
(q,T) are given below.

Remark 1. In [3], similar weak predictability with infinite
horizon was introduced and established for models where
an ideal low-pass filter exists; the predictors used in this
paper were different from the ones presented below.
Theorem 1 allows to extend this weak predictability on
the case when the filters are not ideal but allow
exponentially decay of energy on higher frequencies.

Remark 2. The case when processes k(-) € L(R)\L.(R)
can also be covered. In this case, we have to require that
X e Lz(R)

An example of a predictor: The question arises how to
find the predicting kernels. We suggest a possible choice
of the kernels; they are given explicitly in the frequency
domain, i.e., via the transfer functions.

Let k(-) € ' (T) and K(iw) = k. We assume here and
below that w € R.

Let ¥(¢) : (0, +00) — R be any function such that if |z| <
Y(e) then e — 1| < ¢, z € C. It follows from the continuity
of the function e? that y/(¢)>0 for any ¢>0. For example,
one can select i as the inverse function to the modulus of
continuity at zero for the exponent function e

Lemma 1. For yeR, >0, p € C*, set

ArY D A ohp).
gp2 Tpr, h(p)2gp)—Tp, V(p)Ze (3.1)

For w € R, set

7 K(iw). (3.2)

Then K(iw) € Ly(R) and k(-) e K(T). In addition, the predict-
ability of the processes considered in Theorem 1 can be
ensured with the sequence of the corresponding predicting
kernels k = k defined by (3.1) and (3.2) with y — +o00. More

K(iw) = V(iw)K(iw), k=
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