
Fast communication

Predictability on finite horizon for processes with exponential
decrease of energy on higher frequencies

Nikolai Dokuchaev

Department of Mathematics, Trent University, Ontario, Canada

a r t i c l e i n f o

Article history:

Received 2 February 2009

Received in revised form

15 June 2009

Accepted 27 July 2009
Available online 3 August 2009

Keywords:

Nonparametric methods

Spectral analysis

Forecasting

a b s t r a c t

The paper presents sufficient conditions of predictability for continuous time processes

in deterministic setting. We found that processes with exponential decay on energy for

higher frequencies are predictable in some weak sense on some finite time horizon

defined by the rate of decay. Moreover, this predictability can be achieved uniformly

over classes of processes. Some explicit formulas for predictors are suggested.

& 2009 Elsevier B.V. All rights reserved.

1. Introduction

We study pathwise predictability of continuous time
processes in deterministic setting and in the framework of
the frequency analysis. It is well known that certain
restrictions on frequency distribution can ensure addi-
tional opportunities for prediction and interpolation of
the processes. The classical result is Nyquist–Shannon–
Kotelnikov interpolation theorem for the band-limited
processes. There are related predictability results; see, e.g.,
[13,1,2,11,6,10,9,12,7,8]. These works considered predict-
ability of single processes, and the crucial assumption was
that the processes are band-limited; the predictors were
non-robust with respect to small noise in high frequen-
cies; see, e.g., the discussion in Chapter 17 from [5].

We study some special weak predictability of contin-
uous time processes. Instead of predictability of the
original processes, we study predictability of sets of
anticausal convolution integrals for a wide enough classes
of kernels. This version of predictability was introduced in
[3] for band-limited processes; it allowed to establish
uniform predictability in this weakened sense over classes
of band-limited and high-frequency processes. In the
present paper, we established some predictability for

continuous time processes with exponential decay of
energy on the higher frequencies. It allows to consider
processes that are not band-limited. More precisely, we
obtain a sufficient condition of uniform weak predict-
ability on prediction horizon T over some classes of
processes with exponential decay of energy on higher
frequencies o!�1, when the energy is decreasing
faster than e�Tjoj. An alternative formulation of this
condition in time domain is also given. The predictors
are obtained explicitly in the frequency domain via their
transfer function. These predictors are defined entirely by
the kernel of the convolution integral and their choice is
independent from the characteristics of the particular
input processes.

2. Problem setting and definitions

Let xðtÞ be a currently observable continuous time
process, t 2 R. The goal is to estimate, at a current time t,
the values yðtÞ ¼

R tþT
t kðt � sÞxðsÞds, where kð�Þ is a given

kernel, and T40 is a given prediction horizon. At any time
t, the predictors use historical values of the observable
process xðsÞjs�t .

We consider only linear predictors in the formbyðtÞ ¼ R t
�1

bkðt � sÞxðsÞds, where bkð�Þ is a kernel that has
to be found. We will call bk a predictor or predicting kernel.
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Let us describe admissible classes of k and bk.
Let Rþ ¼

D
½0;þ1Þ, Cþ ¼

D
fz 2 C : Re z40g, i ¼

ffiffiffiffiffiffiffi
�1
p

.
For x 2 L2ðRÞ [ L1ðRÞ, we denote by X ¼Fx the function

defined on iR as the Fourier transform of x;

XðioÞ ¼ ðFxÞðioÞ ¼
Z 1
�1

e�iotxðtÞdt; o 2 R.

If x 2 L2ðRÞ, then X is defined as an element of L2ðRÞ (more
precisely, Xði�Þ 2 L2ðRÞ).

For xð�Þ 2 L2ðRÞ such that xðtÞ ¼ 0 for to0, we denote by
Lx the Laplace transform

XðpÞ ¼ ðLxÞðpÞ¼
D
Z 1

0
e�ptxðtÞdt; p 2 Cþ. (2.1)

Let Hr be the Hardy space of holomorphic on Cþ func-
tions hðpÞ with finite norm khkHr ¼ sups40khðsþ ioÞkLr ðRÞ,
r 2 ½1;þ1� (see, e.g., [4]).

Definition 1. For T40, we denote by KðTÞ the set of
functions k : R! R such that kðtÞ ¼ 0 for te½�T;0� and
such that k 2 L1ðRÞ.

Definition 2. Let cK be the class of functions bk : R! R
such that bkðtÞ ¼ 0 for to0 and such that Kð�Þ ¼Lbk 2
H2
\ H1.

We consider below k 2KðTÞ and bk 2 cK.

Definition 3. Let X̄ be a class of processes xð�Þ from
L2ðRÞ [ L1ðRÞ. Let r 2 ½1;þ1�.

(i) We say that the class X̄ is Lr-predictable in the weak
sense with the prediction horizon T if, for any
kð�Þ 2KðTÞ, there exists a sequence fbkgð�Þgþ1g¼1 ¼

fbkgð�; X̄; kÞgþ1g¼1 �
cK such that

ky� bygkLr ðRÞ ! 0 as g!þ1; 8x 2X,

where

yðtÞ¼
D
Z tþT

t
kðt � sÞxðsÞds; bygðtÞ¼D Z t

�1

bkgðt � sÞxðsÞds.

The process bygðtÞ is the prediction of the process yðtÞ.
(ii) Let the set FðX̄Þ¼

D
fX ¼Fx; x 2 X̄g be provided with

a norm k � k. We say that the class X̄ is Lr-predictable in
the weak sense with the prediction horizon T uni-
formly with respect to the norm k � k, if, for any
kð�Þ 2KðTÞ, there exists a sequence fbkgð�Þg ¼
fbkgð�;X; k; k � kÞg � cK such that

ky� bygkLr ðRÞ ! 0 uniformly in fx 2 X̄ : kXk � 1g.

Here yð�Þ and bygð�Þ are the same as above.

3. The main result

For q 2 f1;2g, let XðqÞ ¼ Xðq; TÞ be the set of processes
xð�Þ 2 L2ðRÞ [ L1ðRÞ such thatZ þ1
�1

eqTjojjXðioÞjq dooþ1; XðioÞ ¼Fx.

For O40, set DðOÞ¼D Rnð�O;OÞ.

Clearly, if xð�Þ 2 Xðq; TÞ, thenZ
DðOÞ

eqTjojjXðioÞjq do! 0 as O!þ1.

It can be seen also that, for any T40, the class Xðq; TÞ
includes all band-limited processes x such that XðioÞ ¼
Fx 2 LqðRÞ, q 2 f1;2g.

Theorem 1. Let q 2 f1;2g. Set r ¼ rðqÞ ¼ þ1 if q ¼ 1 and

r ¼ rðqÞ ¼ 2 if q ¼ 2.

(i) The class Xðq; TÞ is Lr-predictable in the weak sense with

the prediction horizon T.
(ii) Let UðqÞ ¼ Uðq; TÞ be a class of processes xð�Þ 2 Xðq; TÞ

such thatZ
DðOÞ

eqTjojjXðioÞjq do! 0 as O!þ1

uniformly on xð�Þ 2 UðqÞ.

Then this class Uðq; TÞ is Lr-predictable in the weak sense

with the prediction horizon T uniformly with respect to

the norm k � kLqðRÞ.

Some alternative descriptions and examples of sets
Uðq; TÞ are given below.

Remark 1. In [3], similar weak predictability with infinite
horizon was introduced and established for models where
an ideal low-pass filter exists; the predictors used in this
paper were different from the ones presented below.
Theorem 1 allows to extend this weak predictability on
the case when the filters are not ideal but allow
exponentially decay of energy on higher frequencies.

Remark 2. The case when processes kð�Þ 2 L2ðRÞnL1ðRÞ
can also be covered. In this case, we have to require that
x 2 L2ðRÞ.

An example of a predictor: The question arises how to
find the predicting kernels. We suggest a possible choice
of the kernels; they are given explicitly in the frequency
domain, i.e., via the transfer functions.

Let kð�Þ 2KðTÞ and KðioÞ ¼Fk. We assume here and
below that o 2 R.

Let cð�Þ : ð0;þ1Þ ! R be any function such that if jzj �
cð�Þ then jez � 1j � �, z 2 C. It follows from the continuity
of the function ez that cð�Þ40 for any �40. For example,
one can select c as the inverse function to the modulus of
continuity at zero for the exponent function ez.

Lemma 1. For g 2 R, g40, p 2 Cþ, set

gðpÞ¼
D

T
g� p

gþ p
p; hðpÞ¼

D
gðpÞ � Tp; VðpÞ¼

D
ehðpÞ. (3.1)

For o 2 R, set

bKðioÞ ¼ VðioÞKðioÞ; bk ¼F�1bKðioÞ. (3.2)

Then bKðioÞ 2 L2ðRÞ and bkð�Þ 2 bKðTÞ. In addition, the predict-

ability of the processes considered in Theorem 1 can be

ensured with the sequence of the corresponding predicting

kernels bk ¼ bkg defined by (3.1) and (3.2) with g!þ1. More
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