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Abstract

The present paper was motivated by an article [H. Akcay, On the existence of a disk algebra basis, Signal Processing 80

(2000) 903–907] on a basis in the disk algebra. Such bases play a central role for the representation of linear systems. In this

article it was shown that the Lebesgue constant of a certain set of rational orthogonal functions in the disk algebra

diverges. The present paper provides a generalization of this result. It shows that for any arbitrary complete orthonormal

set of functions in the disk algebra the Lebesgue constant diverges. However, even if the Lebesgue constant diverges the

orthonormal set may still be a disk algebra basis. Moreover, the paper discusses some implications of the divergence result

with regard to the robustness of basis representations.
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1. Introduction

The decomposing of a linear system in terms of an
orthonormal basis is a widely used tool in system
and control theory, signal processing, communica-
tions or system identification and analysis. Assume
that f ðeiyÞ with y 2 ½�p;pÞ is the transfer function of
a linear system L and let fjkðe

iyÞg1k¼1 be a set of
transfer functions of an orthonormal filterbank.
Then, it is desirable to obtain an approximation of f

in this filterbank of the form

ðSNf ÞðeiyÞ ¼
XN

k¼1

ckðf Þ � jkðe
iyÞ ð�ppyopÞ (1)

with constants ckðf Þ which are uniquely determined
by f and such that SNf converges to f as the degree
N of the filterbank tends to infinity. The filterbank
fjkg

1
k¼1 will reflect the system theoretical properties

of the linear systems L, which should be approxi-
mated in this basis. This paper, for instance,
considers causal and stable linear systems L.
Therefore, every single filterbank jk has to be
causal and stable by itself. The first question is to
know, does there exist such a filterbank such that all
causal and stable linear systems L can be approxi-
mated in this filterbank, i.e. does the approximation
(1) always converges to f as N !1 for every
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arbitrary causal and stable transfer function f. Since
the space of all causal and stable transfer functions
is not a Hilbert space, the answer to this question is
not that clear as in the Hilbert space case.

To make the discussion more precise, first the
main notations are introduced in the following
subsection. Afterward, Section 1.2 will give a more
detailed problem formulation.

1.1. Notations and motivation

Throughout this paper D ¼ fz 2 C : jzjo1g and
T ¼ fz 2 C : jzj ¼ 1g denotes the unit disk and the
unit circle in the complex plane, respectively. Con-
sistently, the following Banach spaces are used: CðTÞ
is the space of continuous functions on T.
The norm in CðTÞ is the supremum norm kf k1 ¼
supy2½�p;pÞjf ðe

iyÞj. As usual, Lp ¼ LpðTÞ with 1p
pp1 denotes the set of all p-integrable functions on
T. Especially important will be L1 equipped with the
supremum norm as CðTÞ, and the space L2 which is a
Hilbert space in the inner product

hf ; gi2:¼
1

2p

Z p

�p
f ðeiyÞgðeiyÞdy (2)

for all f ; g 2 L2 and in which g denotes the conjugate
complex of g. The norm in L2 is given by
kf k2:¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
hf ; f i2

p
. Every f 2 Lp with pX2 can be

represented by its Fourier series

f ðeiyÞ ¼
X1

k¼�1

f̂ ke
iky with

f̂ k ¼
1

2p

Z p

�p
f ðeiyÞe�iky dy. ð3Þ

The equality on the left-hand side of (3) means of
course that the Fourier series converges in the Lp-norm

to f, i.e. that limN!1kf ð�Þ �
PN

k¼�N f̂ ke
ikð�Þkp ¼ 0.

The subspace of Lp of all functions f 2 Lp for which

the Fourier coefficients f̂ k with negative index k are

equal to zero (f̂ k ¼ 0 for all ko0) are the so called
Hardy spaces Hp. Every f 2 Hp can be identified with

a function f ðzÞ:¼
P1

k¼0 f̂ kzk which is analytic inside

the unit disk D and which is bounded with respect to
the corresponding norm kf kp ¼ limr!1ðð1=2pÞR p
�p jf ðre

iyÞjp dyÞ1=p. Finally, the disk algebra AðDÞ is

the set of all functions f 2 H1 which are continuous

in the closure D ¼ D [ T of the unit disk.
Let L be a linear system with impulse response

ff̂ kg
1
k¼�1 and transfer function f ðeiyÞ, y 2 ½�p;pÞ

which are related by the Fourier transform (3). The
linear system L is said to be causal, if f̂ k ¼ 0 for all
ko0, or equivalently if its transfer function f ðzÞ is
an analytic function for all z inside the unit disk D.
Let fx̂ng and fŷng ¼L½fx̂ng� be the input and output
sequences of L with the corresponding
Fourier transforms xðeiyÞ and yðeiyÞ ¼L½xðeiyÞ� ¼
f ðeiyÞ � xðeiyÞ with y 2 ½�p; pÞ, respectively. The
L2-norm of x and y can be interpreted as
the average signal power. This energy norm of
the signals induces a stability norm for the liner
system L by

kLkS:¼ sup
x2L2ðTÞ

kL½x�k2
kxk2

.

It describes the maximal amplification of the signal
power byL. It can be shown that the stability norm
of L is equal to the supremum norm of the transfer
function f, i.e. kLkS ¼ kf k1. Thus, L1 can be
identified with the set of all stable transfer function
and H1 contains all causal and stable transfer
function. However, since the space H1 is not
separable, no basis will exists in H1. For this
reason, the disk algebra AðDÞ � H1 is considered.
It is equal to the closure of all polynomials in H1,
and therefore it is separable and a basis may exist
in AðDÞ.

This paper deals with causal and stable filter
banks, i.e. complete sequences of orthonormal
functions in H2 which elements belong to the disk
algebra. Thus, we consider sets of functions fjkg

1
k¼1

with jk 2AðDÞ for all k, which are orthonormal
with respect to the inner product (2), and for which
the generalized Fourier series

ðSNf ÞðzÞ ¼
XN

k¼1

hf ;jki2 � jkðzÞ (4)

converges to f for every f 2 H2, i.e. for which
limN!1 kf �SNf k2 ¼ 0. However, the generic
convergence in H2 does not imply the convergence
in the stability norm k � k1 which is important for
the stability behavior of the approximation SNf .
Thus, given a causal and stable transfer function
f 2AðDÞ � H2, it is not clear at the outset
whether or not the generalized Fourier series (4)
converges to f in the stability norm. By the uniform
boundedness principle (Theorem of Banach–Stein-
haus [2]), a necessary and sufficient condition that
limN!1kSNf � f k1 ¼ 0 for all f 2AðDÞ is that
the sequence of norms kSNkAðDÞ!AðDÞ is uniformly
bounded by a certain constant C0. These operator
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