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a b s t r a c t

A problem of identification of a finite number of small cracks in a rod by means of natural
frequencies corresponding to longitudinal vibration is considered. The cracks are simu-
lated by massless translational springs. It is known, that generally for unique identification
of multiple cracks in a rod it is necessary to know two spectra. An algorithm is developed
enabling in case of small cracks to extract an important information about the possible
number of cracks, their positions and the flexibilities of the corresponding springs by
means of only one spectrum. The developed method is extended for identification small
multiple cracks in a simply supported beam.

& 2015 Elsevier Ltd. All rights reserved.

1. Introduction

An inverse spectral problem for a rod with a finite number of transverse cracks is considered. The cracks are simulated by
massless translational springs. It is assumed that the cracks are small. It denotes that the flexibilities of the springs,
simulating the cracks are small. More accurate definition of the smallness of cracks is given below. It is assumed also that
such a number is known, which limits the number of cracks above. In the recent paper [1] it was proved that for unique
identification of a finite number of cracks it is necessary to know two spectra corresponding to longitudinal vibration. The
suppositions, mentioned above, lead to significant simplification of the problem and enable to extract an important
information about the cracks by means of a single spectrum. As we consider the case of small cracks, let us mention only
some publications that take into account simplifications related to the smallness of cracks. Morassi [2] studied the changing
of the natural vibration frequencies of rods and beams caused by the presence of small cracks. Narkis [3], Morassi [4] and
Dilena and Morassi [5] considered the problem of identification of a single small crack in rods and beams. The problem of
identification of two small cracks in rods and simply supported beams was considered in the papers of Morassi and Rollo [6]
and Rubio et al. [7]. Khiem and Toan [8] proposed a scanning method for identifying of a finite number of small cracks in a
beam. The method has led to good results in several considered examples. At the same time, it is necessary to note that
scanning method is not rigorously justified and the limits of its applicability have not been established.

In the present paper we propose a simple, well justified method for extraction of an important information about the
small multiple cracks in a rod by means of a single spectrum. The mathematical formulation of the considered problem is
given in Section 2. A method of cracks reconstruction using a spectrum corresponding to free–free end conditions is given in
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Section 3. A method of cracks identification using a spectrum corresponding to fixed-free end conditions is given in
Section 4. An extension of the developed method on the case of simply supported beam is presented in Section 5. Numerical
examples are considered in Section 6. The sensibility of the results to the noise in data studied in Section 7. Conclusions are
presented in Section 8.

2. Statement of the problem

Let us consider a rod of length l and cross-section of constant area A. We assume that the rod occupies an interval
0oxo l and the translational springs, which simulate the localized damages, are located at points x1; x2;⋯; xn such that
0¼ x0ox1ox2o⋯oxnoxnþ1 ¼ l. Denote by uj xð Þ the amplitudes of longitudinal displacements under time-harmonic
vibration on the interval xj�1oxoxj, where j¼ 1;2;⋯;nþ1. The equation of harmonic longitudinal oscillations has the
following form, see [9,10]

u″j xð Þþλuj xð Þ ¼ 0; j¼ 1;2;⋯;nþ1; xj�1oxoxj ð1Þ

where λ¼ ρω2=E, E is Young's modulus, ρ is the material density, ω is a circular frequency.
The conjugation conditions at the locations of springs are of the form, see [9, 10]

u0
j xj
� �¼ u0

jþ1 xj
� �

; ujþ1 xj
� �� uj xj

� �¼Δj ¼ EAcju0
j xj
� �

; j¼ 1;2;⋯;n ð2Þ

where cj is the flexibility of the jth translational spring.
We will consider two types of end conditions. The free–free condition has the form

u0
1 0ð Þ ¼ 0; u0

nþ1 lð Þ ¼ 0 ð3Þ

The fixed-free end condition has the form

u1 0ð Þ ¼ 0; u0
nþ1 lð Þ ¼ 0 ð4Þ

Let us denote the eigenvalues of the problem (1), (2), (3) (except λ¼ 0) by λ1; λ2; λ3;⋯ and the eigenvalues of the problem
(1), (2), (4) by μ1;μ2;μ3;⋯. The eigenvalues of the considered problems for a rod without cracks we denote by λ01; λ

0
2; λ

0
3;⋯

and μ0
1;μ

0
2;μ

0
3;⋯, respectively. Let us denote

ffiffiffiffiffi
λk

p
¼ ξk,

ffiffiffiffiffi
λ0k

q
¼ ξ0k ,

ffiffiffiffiffiffiμk
p ¼ ηk,

ffiffiffiffiffiffi
μ0
k

q
¼ η0k , k¼ 1;2;⋯. We suppose that such a

number N is known that true number of cracks n satisfies the inequality nrN. Below it is shown that small cracks can be
reconstructed (in some sense) by 2N eigenvalues corresponding to free–free end conditions or 2Nþ1 eigenvalues corre-
sponding to fixed-free end conditions. In the case of free–free end conditions we assume that the cracks are small in the
following sense:

EAjcj
ffiffiffiffiffiffiffiffi
λ02N

q
51; jcj2 ¼

Xn
i ¼ 1

c2i ð5Þ

In the case of fixed-free end conditions we suppose that the cracks are small when the following conditions are valid

EA cj j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ0
2Nþ1

q
51 ð6Þ

3. Cracks reconstruction using eigenvalues corresponding to free–free end conditions

Let us denote сi ¼ EAci, i¼ 1;2;⋯. It was shown in Ref. [1] (see also [10]), that in case of N cracks the values ξ1;ξ2;⋯,
corresponding to free–free end conditions, are the roots of the following equation:

detðQ Þ ¼ 0 ð7Þ
Here Q is a Nþ1ð Þ � Nþ1ð Þ matrix with the following elements:

Q1k ¼ ξ sin ξ l� xk�1ð Þ; k¼ 1;2;⋯;Nþ1; x0 ¼ 0

Qpq ¼ cp�1ξ sin ξ xp�1 � xq�1
� �

; p¼ 2;3;⋯;Nþ1; 1rqop

Qpp ¼ 1; Qpq ¼ 0; poqrNþ1 ð8Þ

Because, according to our suppositions, the values ciξ
0
2N are small and the solutions of Eq. (7) ξ1;⋯; ξ2N are close to the

values ξ01;⋯ξ02N , respectively, consider several terms of the Taylor expansion of the function detQ c1;⋯; cN ; ξ
� �

in the
neighborhood of the point 0;⋯;0;ξ0k

� �
. Denote c¼ c1;⋯cNð Þ. The Taylor expansion is as follows.

jQ ðc; ξkÞj ¼ jQ 0; ξ0k
� �

jþ
XN
i ¼ 1
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j
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