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a b s t r a c t

A new direction-of-arrival estimator for coherent signals in spatially correlated noise is
devised in this paper. By constructing a set of fourth-order cumulant based Toeplitz
matrices, the coherent signals can be decorrelated. Moreover, by utilizing the joint
diagonalization structure of these Toeplitz matrices, a new cost function that does not
require any a priori information of the source number is developed. Numerical examples
are provided to demonstrate the effectiveness of the proposed approach.

& 2015 Elsevier B.V. All rights reserved.

1. Introduction

Direction finding using a sensor array is an important
task in many applications, such as radar [1], sonar [2] and
wireless communications [3]. Numerous direction-of-
arrival (DOA) estimators have been proposed in the litera-
ture. Among them, subspace based DOA estimation meth-
ods, such as ESPRIT [4–6] and MUSIC [7–9], provide an
excellent solution to this problem when the following
three assumptions are satisfied:

A1 The number of sources is known a priori.

A2 The sources are mutually uncorrelated or partially
correlated.

A3 The noise is spatially uncorrelated white noise, i.e., the
covariance matrix is proportional to the identity matrix.

If any one of the above assumptions does not hold, this
kind of techniques may suffer serious performance
degradation.

As a matter of fact, the source number is usually
unknown to the receiver in practice. To circumvent this
issue, various source enumeration approaches have been
suggested. Akaike information criterion (AIC) [10,11] and
minimum description length (MDL) [12–15] are the most
popular methods to estimate the number of sources.
However, when the sample size is small and the signal-
to-noise ratio (SNR) is low, they might not provide correct
estimate of the source number. Although numerous mod-
ified algorithms have been proposed, the correct detection
probability is still low in extreme conditions, especially
when the noise property is unknown [13].

The A2 cannot be satisfied in practice due to multipath
propagation, which leads to many coherent components
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among the received data. Under such a case, the source
covariance matrix is rank deficient, which in turn makes
subspace based techniques to suffer serious performance
degradation. Spatial smoothing (SS) technique and its
variants [16–18] have been proposed to handle the coher-
ent signals. They use a preprocessing scheme that first
partitions the total array into subarrays and then averages
the subarray output covariance matrices to make the
source covariance matrix to be full rank, enabling the
subspace based algorithms to work properly.

It is well known that most of the DOA estimation tech-
niques are sensitive to the noise model [19,20] because they
implicitly assume spatially uncorrelated noise. The spatially
correlated noise can be easily handled by pre-whitening
[21] provided that its covariance matrix is known a priori.
However, in practice, since the array response and noise
covariance are often computed from limited observations,
an accurate covariance structure is often not available. The
technique suggested in [22] is based on a parametric model
to determine the noise covariance matrix, which allows the
signal and noise parameters to be estimated simulta-
neously. In [23], a maximum likelihood (ML) based DOA
estimation method has been proposed. It uses a set of
sparse sensor arrays with multiple widely separated sub-
arrays to make sensor noise uncorrelated between different
subarrays, and then applies the ML method to estimate
the DOAs.

The conventional array processing techniques are usually
based on the covariance matrix which corresponds to the
second-order statistics of the received signals. Indeed, the
received signals are often non-Gaussian in practice, e.g., the
BPSK, QPSK and QAM modulated signals. For non-Gaussian
signals, the second-order statistics are not sufficient to
characterize their statistical behavior. Higher-order mome-
nts are preferred to explore the non-Gaussianity of the
signals. A number of higher-order statistics based DOA esti-
mators have been proposed in the literature. Zeng et al. [24]
use a set of fourth-order cumulant matrices to devise a new
DOA estimation method that does not need to know the
source number. However, it cannot deal with the coherent
signals. Doǧan and Mendel [25] use the higher-order
cumulant to generate virtual aperture and then devise a
virtual-ESPRIT algorithm (VESPA) which utilizes the infor-
mation between virtual and actual sensors to solve the
problem of joint array calibration and DOA estimation. The
VESPAworks properly for uncorrelated signals. For coherent
signals, an extended VESPA (EVESPA) [26] has been pro-
posed. Since each signal eigenvector associated with a group
of coherent signals contains all the DOA information of
these signals, the EVESPA applies the SS technique to this
signal eigenvector to construct a full-rank signal subspace.
Then it utilizes the root-MUSIC method to yield the DOA
estimates. In [27], a higher-order cumulant MUSIC algo-
rithm has been developed. This scheme can correctly work
for the underdetermined case where the number of signals
is larger than the number of sensors, but it is unable to
handle the coherent signals.

To overcome the aforementioned shortcomings of the
existing subspace based DOA estimators, we propose a new
DOA estimator that is based on the joint diagonalization of
a set of Toeplitz matrices. In this paper, we consider a

centro-symmetric uniform linear array (ULA) of N¼ 2Mþ1
sensors with half-wavelength interelement spacing. By
employing the fourth-order cumulant technique, the Gaus-
sian noise can be eliminated. Moreover, ð2Mþ1ÞðMþ1Þ
different cumulant matrices can be formed, allowing us to
handle the coherent signal issue. In particular, each row of
a cumulant matrix is used to construct a Toeplitz matrix to
decorrelate the coherent signals. Since these Toeplitz
matrices share the joint diagonalization structure, a new
cost function that does not need a priori information of
source number is devised. A new spatial spectrum is
then obtained where the DOAs are estimated via a one-
dimensional search.

The remainder of the paper is organized as follows. Section
2 describes the direction finding problem and introduces the
mathematical assumptions. The definition of the fourth-order
cumulant, calculation of the Toeplitz covariance matrix and
joint diagonalization based DOA estimation method are pre-
sented in Section 3. Simulation results are given in Section 4.
Finally, conclusions are drawn in Section 5.

Throughout this paper, we use boldface uppercase letters
to denote matrices, boldface lowercase letters for column
vectors, and lowercase letters for scalar quantities. Super-
scripts ð�ÞT , ð�Þn, ð�ÞH , ð�Þ�1 and ð�Þy represent transpose,
complex conjugate, conjugate transpose, inverse and
pseudo-inverse, respectively. The operator Efag is the
expected value of a, 0 is the zero matrix, IM is the M�M
identity matrix and JM is a M�M exchanging matrix with
its anti-diagonal being one and zero elsewhere. The C

denotes the set of complex numbers. Furthermore, J � J
represents the Euclidean norm of a vector.

2. Problem formulation

Consider a ULAwith N¼ 2Mþ1 isotropic sensors shown
in Fig. 1. There are P ðPrMþ1Þ narrowband source signals
impinging on the array from distinct directions {θ1;…;θP}
in the far field and the first K signals are mutually coherent
and the others are uncorrelated and independent of the
first K signals. Taking the first signal s1ðtÞ as reference, the
kth coherent signal becomes

skðtÞ ¼ βke
jδϕk s1ðtÞ; k¼ 2;…;K ð1Þ

where βk is the amplitude fading factor and δϕk is the
phase change. Since the values of δϕk will not affect the
coherence between the signals, without loss of generality,
we set δϕk ¼ 0; k¼ 2;…;K . Then the signals arriving at the
mth sensor at time t can be expressed as

xmðtÞ ¼ ∑
P

i ¼ 1
siðtÞe� j2πm sin ðθiÞΔ=λþnmðtÞ

Fig. 1. Symmetric ULA model.
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