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a b s t r a c t

For more than a decade it has been empirically known that the causal portion of the

inverse Fourier transform of the magnitude spectrum of the speech signal behaves like a

minimum-phase signal. Later on, this statement has been shown for an all-pole model.

In this paper, we consider related results for both discrete-time Fourier and discrete

Fourier transforms of arbitrary sequences. We indicate how the presence of aliasing in

circular autocorrelation might be detected. The energy concentration property of zero-

phase sequences is discussed.

& 2008 Elsevier B.V. All rights reserved.

1. Introduction

In many cases where it is necessary to avoid any phase
distortion, one solution is to make the frequency response
real and nonnegative, i.e., to have a filter with a zero-
phase characteristic [1]. Besides filter design, zero-phase
signals appear in applications like phase retrieval or
phase-only reconstruction [2] and in speech analysis [3].
In spectral factorization theorems, the zero-phase condi-
tion represents a key assumption. Perhaps the most
known result on zero-phase sequences is the celebrated
Fejér and Riesz theorem [4]:

Theorem 1 (Fejér and Riesz). If XðzÞ ¼
PM

n¼�M xðnÞz�n

and XðejoÞX0, then there is YðzÞ ¼
PM

n¼0 yðnÞz�n such that

XðejoÞ ¼ jYðejoÞj2 and YðzÞ unique if minimum-phase.

In this paper, we discuss some properties of minimum-
phase and zero-phase sequences. As the properties of such
sequences are related to the properties of rational

functions and analytic functions in general, as well as
those of Fourier series, results that are closely connected
appear implicitly in circuits and systems literature. About
two decades ago it was shown that if a positive real
function belongs to the class of rational functions, then it
must be minimum-phase [5]. To best of our knowledge,
there is no published result indicating that the Fourier
transform of a causal part of an arbitrary zero-phase
sequences is a positive real function belonging to the class
of rational functions. Recently, it was noticed that the
causal portion of the inverse Fourier transform of the
magnitude spectrum of the speech signal behaves like a
minimum-phase signal [6]. This property has been
verified for an all-pole model [7,8]. Here we present
related properties that may be of interest from a digital
signal processing point of view, but do not appear
explicitly in the literature.

In the following we recall few definitions (Section 2).
We consider the causal part of an arbitrary zero-phase
sequence and show that it is a minimum-phase sequence
(Section 3). We also give a direct proof of the fact that the
inverse DFT transform of a strictly positive sequence is
minimum-phase (Section 4). We also extend this to NDFT
(nonuniform discrete Fourier transform) in Section 5.
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The presence of aliasing in circular autocorrelation and
the energy concentration property of zero-phase se-
quences are discussed in Section 6.

2. Definitions

Definition 2. A sequence is causal if xðnÞ ¼ 0 for no0.
A sequence is anti-causal if xðnÞ ¼ 0 for n40.

Definition 3. A sequence is minimum-phase if all zeros of
its z-transform are inside the unit open disk. A sequence is
maximum-phase if all zeros of its z-transform are outside
the unit closed disk.

Definition 4. A sequence is absolute summable or stable
sequence if the region of convergence of its z-transform
includes the unit circle.

Definition 5. A complex valued function XðzÞ is positive
real if

(1) z 2 R) XðzÞ 2 R;
(2) jzjX1) RefXðzÞgX0.

Definition 6. A sequence is zero-phase sequence if its
Fourier transform is a nonnegative function.

Sometimes a zero-phase sequence is said to be a positive
sequence [9]; in this paper, we shall refer to this as zero-
phase sequence, to distinguish from positive real function.

3. Zeros location of causal part of zero-phase aperiodic
sequences

Let xðnÞ be zero-phase sequence with no zeros or poles
on the unit circle. Then its DTFT (discrete-time Fourier
transform)

XðejoÞ ¼
X1

n¼�1

xðnÞe�jon

satisfies

jXðejoÞj40; arg XðejoÞ ¼ 0.

In this case by using inverse DTFT, the sequence can be
computed as follows:

xðnÞ ¼
1

2p

Z p

�p
XðejoÞejon do ¼ 1

2p

Z p

�p
jXðejoÞjejon do.

The z-transform of causal portion of xðnÞ is the one-sided
z-transform:

XþðzÞ ¼
X1
n¼0

xðnÞz�n ¼
X1
n¼0

1

2p

Z p

�p
jXðejoÞjejon do

� �
z�n. (1)

Our goal is to show that the causal portion of xðnÞ is a
minimum-phase sequence.

Theorem 7. Let xðnÞ be a stable sequence. If jXðejoÞj40 and

arg XðejoÞ ¼ 0 for all o 2 R, then its causal portion is a

minimum-phase sequence.

Proof. First we establish that for any jzj41, we have
RefXþðzÞg40.

If jzj41, then the sequence ejonz�n is absolute summa-

ble. In such situation we can interchange the order of

summation and integration in (1). We get

XþðzÞ ¼
1

2p

Z p

�p

X1
n¼0

ejonz�n

" #
jXðejoÞjdo ¼ 1

2p

Z p

�p

jXðejoÞj

1� ejoz�1
do.

Now, for z ¼ r ejy, r41

XþðzÞ ¼
1

2p

Z p

�p

jXðejoÞjdo
1� r�1 ejðo�yÞ ,

Re
jXðejoÞj

1� r�1 ejðo�yÞ

� �
¼
jXðejoÞj½1� r�1 cosðo� yÞ�

j1� r�1ejðo�yÞj2

X
jXðejoÞjð1� r�1Þ

ð1þ r�1Þ
2

.

Thus

RefXþðzÞgX
1� r�1

2pð1þ r�1Þ
2

Z p

�p
jXðejoÞjdo40.

It follows that for any jzj41, we have XþðzÞa0.

To show that Xþðejo0 Þa0, first notice that

xð0Þ ¼
1

2p

Z p

�p
XðejoÞdo ¼ 1

2p

Z p

�p
jXðejoÞjdo40. (2)

Assume now that Xþðejo0 Þ ¼ 0. Then

Xðejo0 Þ ¼ Xþðejo0 Þ þ
X�1

n¼�1

xðnÞe�jo0n ¼ Xþðejo0 Þ � xð0Þ

þ
X0

n¼�1

xðnÞe�jo0n

¼ Xþðejo0 Þ � xð0Þ þ
X1
n¼0

xð�nÞejo0n ¼ Xþðejo0 Þ � xð0Þ

þ
X1
n¼0

xðnÞ�ejo0n

¼ Xþðejo0 Þ � xð0Þ þ
X1
n¼0

xðnÞe�jo0n

" #�

¼ Xþðejo0 Þ � xð0Þ þ ½Xþðejo0 Þ�� ¼ �xð0Þ.

This is a contradiction since XðejoÞ is positive for all

o 2 ½�p;p�. &

Example 8. Let XðzÞ ¼ zþ 5
2þ z�1, then XðejoÞ ¼ 1

2þ

4 cos2 o=240.

The causal portion of XðzÞ is XþðzÞ ¼ 5
2þ z�1 and its zero

is z1 ¼ �
2
5.

According to Fejér–Riesz theorem, there is YðzÞ such that

XðejoÞ ¼ jYðejoÞj2. Indeed, for Y1ðzÞ ¼
ffiffiffi
2
p
ð1þ 1=2z�1Þ and

Y2ðzÞ ¼
ffiffiffi
2
p

=2ð1þ 2z�1Þ we have XðejoÞ ¼ jY1ðe
joÞj2 ¼

jY2ðe
joÞj2. Moreover, Y1ðzÞ is minimum-phase function,

and Y2ðzÞ is maximum-phase function.

Corollary 9. For any sequence having no zeros or poles on

unit circle, the causal portion of autocorrelation is minimum-

phase sequence.

Example 10. The causal portion of a symmetric sequence
may be minimum-phase, but the sequence is not always
zero-phase, e.g., XðzÞ ¼ 0:7zþ 1þ 0:7z�1.
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