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Trajectory planning refers to planning a time-dependent path connecting the initial and final configurations
with some special constraints simultaneously considered. It is a critical aspect in autonomously driving an
articulated vehicle. In this paper, trajectory planning is formulated as a dynamic optimization problem that
contains kinematic differential equations, mechanical/environmental constraints, boundary conditions and
an optimization objective. The prevailing numerical methods for solving the formulated dynamic optimiza-
tion problem commonly disregard the constraint satisfactions between every two adjacent discretized mesh
points, thus resulting in failure when the planned motions are actually implemented. As a remedy for this
limitation, the concept of minute mesh grid is proposed, which improves the constraint satisfactions be-
tween adjacent rough mesh points. On the basis of accurate penalty functions, large-scale constraints are
successfully incorporated into the optimization criterion, thus transforming the dynamic optimization prob-
lem into a static one with simple bounds on the decision variables. Simulation results verify that our proposed
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methodology can provide accurate results and can deal with various optimization objectives uniformly.

© 2015 Elsevier Ltd. All rights reserved.

1. Introduction

An articulated vehicle is a vehicle with a permanent or semi-
permanent pivoting joint in its structure [1]. In a broad sense, any
vehicle towing a trailer can be considered as articulated. Compared
with a rigid-body vehicle in the same length, an articulated vehicle
turns with a significantly smaller turning radius [2]. Also, articula-
tion aids the vehicle in keeping contact with the rough terrain. Both
merits have motivated the application of articulated vehicles, includ-
ing buses, trams, trains, trucks and robotic floor cleaner [3]. This cur-
rent study focuses on the trajectory generation issue of articulated
wheeled vehicles.

Trajectory generation involves planning a time-dependent path
connecting the initial and desired final configurations with simulta-
neous consideration of some predefined requirements [4,5]. Viale et
al. [6] proposed a practical multi-step trajectory planner that calcu-
lates geometric paths first and then generates smooth trajectories.
Although calculating the preliminary geometric paths (consisting of
line segments and circular arcs) is automated and fast, the overall
method is ineffective in handling intricate scenarios directly and
precisely, particularly schemes with time-dependent constraints
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and irregularly placed obstacles. Other geometric-based methods or
first-path-then-trajectory methods (e.g., [7-11]) also suffer from this
limitation. Wang and Cartmell [12] adopted a function-fitting ap-
proach to calculate time-dependent profiles directly. Unfortunately,
collision avoidance was not considered in their study. Zare et al.
[13] developed a fuzzy-based method, wherein three separate fuzzy
controllers are used for forward maneuvers, destination approaching
and collision avoidance. However, the kinematic model and environ-
ment are not precisely described in their works. More importantly,
fuzzy-based methods are generally adopted to determine feasible
rather than optimal or optimized trajectories.

In addition to the aforementioned trajectory planners, previ-
ous studies incorporate part of trajectory generation with trajectory
tracking. For example, a path is planned first and then trajectory
tracking is directly done. Trajectory tracking involves closed-loop ex-
ecution. Thus control theories are utilized. In literature, backward
motions are particularly treated because of control instability [14-
17]. A well-known issue associated with backward motion is jack-
knifing [18]. Theoretically, given that the entire articulated system
is physically linked, the velocity vector components along the links
should be consistent. Fig. 1(a) shows an example with such consis-
tency, whereas Fig. 1(b) shows an example with jackknifing owing
to the inconsistency. When jackknifing occurs, the link will be dam-
aged or the trailer will sideslip. To avoid jackknifing, a small-angle
constraint was proposed, which requires that the error between the
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Fig. 1. Schematics regarding jackknifing phenomenon: (a) normal example; (b) back-
ward movement with jackknifing; (c) forward movement example with jackknifing.

orientation angles of every two adjacent parts of the vehicle should
be small [2,19-21]. However, jackknifing still occurs when the small-
angle constraint is satisfied, as depicted in Fig. 1(b). David and Mani-
vannan [3]| summarized that sharp turning, backward movement and
fast speed are the three inducing factors that contribute to jackknif-
ing. However, this conclusion is merely based on experiences: jack-
knifing may occur during forward movements (see Fig. 1(c)).

In summary, the aforementioned studies commonly introduce
four drawbacks: (i) time-dependent constraints are not directly
handled in the path-planning-first methods; (ii) irregularly placed
obstacles in the environment are not precisely described; (iii) only
feasible rather than optimized/optimal solutions are generated; (iv)
challenges (e.g., reverse instability and jackknifing avoidance) that
can be tackled in the open-loop trajectory planning phase are partly
transferred to the closed-loop control phase.

In the present study, the original trajectory planning scheme is
formulated as a dynamic optimization problem with precisely de-
scribed kinematics and constraints. Our formulation contains only
objective principles rather than human experiences (such as fuzzy
logic) [22]. In solving the formulated dynamic optimization problem,
we propose a numerical solver that consists of a precise discretiza-
tion model and a global optimizer. The obtained solutions are strictly
feasible.

The remainder of this paper is structured as follows. Section 2 con-
cerns the formulation of a dynamic optimization problem. Then our
proposed dynamic optimization solver is introduced in Section 3, fol-
lowed by Section 4, where simulation results and discussions are pre-
sented. Finally, conclusions are drawn in Section 5.

2. Problem formulation

This section focuses on strictly describing the original trajec-
tory generation problem as a dynamic optimization problem, which
contains the kinematic principles, mechanical restrictions, collision-
avoidance constraints and an optimization objective.

2.1. Kinematics of a tractor-trailer vehicle

This work considers an articulated wheeled vehicle as one car-like
front-steering tractor towing (n — 1) trailers [23]. Based on the no
side slip fundamental assumption, the kinematics of the concerned
tractor is described by
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where ¢ refers to time, t; indicates the unknown terminal moment
of the entire movement, (x;,y;) denotes the mid-point of rear wheel
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Fig. 2. Schematic of a tractor with (n — 1) trailers (n = 3). Note that trailer 1 is hooked
up at the middle point of the rear wheels of the tractor and trailer 2 is hooked up at
that of trailer 1.

axis (point P; in Fig. 2), 0; refers to the orientation angle, v refers to
the linear velocity of point P; and ¢ refers to the steering angle of
front wheels. Moreover, as illustrated in Fig. 2, L; denotes the wheel-
base length, N; denotes the front overhang length, M; denotes the
rear overhang length and 2B denotes the tractor width.

Following this, the kinematics of the trailers can be presented as

Xn = X1 — i (Lj-cos (6))), (n=2)
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where 6; denotes the orientation angle of the (i — 1)th trailer, (x;, y;)
locates the corresponding hooking point P, 2B; denotes width of the
(i — 1)th trailer, N; denotes the corresponding front overhang length,
M; denotes the rear overhang length and L; denotes the Euclidean dis-
tance between two adjacent hook points (i > 2).

In the preceding equations, when v(t) and ¢(t) (as well as t) are
specified, the remaining variables (i.e., x;(t), y;(t), and 6;(t)) can be
determined one after another through integral. Therefore, v(t) and
¢(t) are chosen as control variables and the remains are regarded as
state variables.

2.2. Mechanical constraints

This subsection focuses on the constraints that should be imposed
during the entire maneuver process.
First, we have

|6©)] < Prmax

The reasons for imposing boundaries on v(t) and ¢(t) are evident:
(i) the linear velocity of the vehicle is expected to be not too fast and
(ii) the steering angle of the tractor is mechanically limited. Second,
those two control variables should be continuous. Third, for such a
multi-body vehicle, different parts should not collide with each other.
Assuming that the tractor and trailers are rectangular, how to strictly
formulate this collision-free condition is introduced next.

Basically, let us investigate the judgment whether two rectangles
collide. All of the possibilities that one rectangle collides with another

. tel0,ty]. (3)
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