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1. Introduction

Consider the n x n linear system
Ax =D, (1)

where A is a matrix such that b is in #(A), the range of A.
Given a splitting A = M — N (M nonsingular), a classical iterative
method produces the following iteration

XD =M 'Nx" + M, 1=0,1,..., 2)

where M~'N is called the iteration matrix of the method. On the
other hand, a two-stage method consists of approximating the lin-
ear system (2) by using another iterative procedure (inner itera-
tions). That is, consider the splitting M = F — G and perform, at
each outer step [,s(l) inner iterations of the iterative procedure in-
duced by this splitting. Thus, the resulting method is

s()-1

x(l+1) ( + F G ]F
Jj=0

Nx" +b), 1=01,..., (3)

cf. [1]. Two-stage iterative methods have been studied, e.g., in [2-5].
In this paper, a two-stage iterative process is developed for the solu-
tion of the linear system (1), where at each outer iteration Il =
0,1,..., the linear system (2) is approximated by using an alternat-
ing iterative procedure. More specifically, let M =P —Q =R — S be
two splittings of the matrix M. In order to approximate the linear
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system (2), for each [,I=0,1,..., we perform s(I) inner iterations
of the general class of iterative methods of the form

209 = P71z + P (Nx" + b),

Z: ) =R~ 5z"+z +R'NxY +b), k=0,1,....s()—1
=x0, or equivalently

280 = RTISPT1QzM + RSP + 1) (Nx" + b),
k=01,....s (1)71.

Thus, the alternating two-stage method can be written as follows

s(h- )
D4 N (RISPTIQYRT(SP! + (N + b),
j=0

with z©@

L

XD = (R'spQ) !

1=0,1,.... (4)

In a similar manner as the two-stage methods, we say that an alter-
nating two-stage method is stationary when s(I) = s, for all [, while
an alternating two-stage method is non-stationary if the number of
inner iterations changes with the outer iteration L

Clearly, given an initial vector x©, the alternating two-stage
iterative method (4) produces the sequence of vectors

XD — TOxO +6qy, 1=0,1,..., ©)
where
s(h)-1
T = R'SP'Q™ + 3" (R'SPIQYR (SPT + DN, ©®)
j=0

and ¢y = >3 T (RT'SP'QYRT(SP™! + I)b.
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In order to analyze the convergence of the alternating two-stage
method (5) and taking into account that A=M - N and
M=P—-Q=R-S, the iteration matrices T",[=0,1,..., defined
in (6), are written as follows:

—_

s()— )
TV = (R'SPQ)" + 3 (RTSPTIQIRT(SP™ + N

-

©
—_

),
=R'SP'QI + S (R'SPTIQYR ISP +1)(P— QM 'N

o

—_

S

_ (R—ISP—IQ)S(I) n

20 o

),
(R'SP'QYRISUI - P'QM'N

~0

-

s(h-1 )
+ > (R'SPTQYI-RT'SMIN = (R7'sPT'Q)*"

T
<)

+ (- ((R'SPTQ"MT'N, 1=0,1,... (7)

In this paper, our study concentrates on these alternating two-stage
methods. Specifically, in Section 3, we give convergence results of
these methods for nonsingular linear systems, when the matrix A
of the linear system is monotone, H-matrix or Hermitian positive
definite. In Section 4, we also prove the convergence of these meth-
ods for consistent singular linear systems, when M-matrices or
symmetric positive semidefinite matrices are considered. In Section
5, we explore the use of parallel implementation of these alternat-
ing two-stage methods for the solution of Markov chains. Previ-
ously, in Section 2, we present some definitions and preliminaries
that are used later in the paper.

2. Notation and preliminaries

The notation and terminology adopted in this paper are along
the lines of those used by Berman and Plemmons [6]. We say that
a vector x is nonnegative (positive), denoted x > 0(x > 0), if all of
its entries are nonnegative (positive). Similarly, a matrix B is said
to be nonnegative, denoted B > O (where O is the zero matrix), if
all its entries are nonnegative. Given a matrix A = (a;), we define
the matrix |A| = (|a;|). It follows that |A| > O and that |AB| < |A||B|
for any two matrices A and B of compatible size. By p(A) we denote
the spectral radius of the square matrix A. A general matrix A is
called an M-matrix if A can be expressed as A = sl — B, with
B >0, s>0, and p(B) <s. The M-matrix A is singular when
s = p(B). The M-matrix A is nonsingular when s > p(B). Let Z"" de-
note the set of all real n x n matrices which have all non-positive
off-diagonal entries.

A nonsingular matrix A € Z"" is an M-matrix if and only if A is a
monotone matrix (A~ > 0). For any matrix A = (a;) € ®"", we
define its comparison matrix (A) = (az) by o =|ai|, 05 =
—l|ag|,i # j. A nonsingular matrix A is said to be an H-matrix if (A)
is an M-matrix.

Lemma 1 [7,8]. Let A,B ¢ R™".

(a) If A is an H-matrix, then |A™"| < (A)"".
(b) If |A| < B then p(A) < p(B).

Definition 2 [6,2,9]). Let A € R™". A splitting A= M — N is called

(a) regular if M™' > 0and N > 0,

(b) weak regular if M~' > 0and M~'N > 0O,

(c) H-splitting if (M) — |N| is a nonsingular M-matrix, and
(d) H-compatible splitting if (A) = (M) — |N|.

Lemma 3 [3]. Given a nonsingular matrix A and a matrix T such that
(I — T)™! exists, there is a unique pair of matrices P,Q such that P is

nonsingular, T=P'Q and A=P-Q. The nmatrices are

P=AI-T)'and Q=P —-A.

In the context of Lemma 3, it is said that the unique splitting
A =P —Q is induced by the iteration matrix T. We point out that
when the matrix A is singular, the induced splitting is not unique;
see e.g., [10].

Lemma 4 [6,2]. Let A= M — N be a splitting.

(a) If the splitting is weak regular, then p(M~'N) < 1 if and only if
Al>o0.

(b) If the splitting is an H-splitting, then A and M are H-matrices
and p(M~'N) < p((M)"'N]) < 1.

(c) Ifthe splitting is an H-compatible splitting and A is an H-matrix,
then it is an H-splitting and thus convergent.

The transpose and the conjugate transpose of a matrix A € C™"
are denoted by A" and A", respectively. Similarly, given a vector
x € C",x" and x" denote the transpose and the conjugate transpose
of x, respectively. A matrix A € C™" is said to be symmetric if
A =AT, and Hermitian if A = A”. Clearly a real symmetric matrix
is a particular case of a Hermitian matrix. A complex, not necessar-
ily Hermitian matrix A, is called positive definite (positive semidef-
inite) if the real part of x"Ax is positive (nonnegative), for all
complex x # 0. When A is Hermitian, this is equivalent to requiring
that x1Ax > 0(x"Ax > 0), for all complex x # 0. A general matrix A
is positive definite (positive semidefinite) if and only if the Hermi-
tian matrix A + A" is positive definite (positive semidefinite). Given
a matrix A € C™", the splitting A = M — N is called P-regular if the
matrix M" + N is positive definite.

Let T € ®R™", by o(T) we denote the spectrum of the matrix T.
We define y(T) = max{|4|: 2 € o(T), A # 1}. We say that two sub-
spaces S; and S, on R" are complementary if S; S, = R", i.e., if
S$1 NS, = {0} and S; + S, = RN". The index of a square matrix T, de-
noted indT, is the smallest nonnegative integer k such that
(T = 2(T%). By ind,T we denote the index associated with
the value one, i.e., ind,;T =ind(I — T). Note that when p(T) =1,
ind;T < 1 if and only if ind;T = 1. We say that a matrix T ¢ R™",
is convergent if lim,_.. T¥ = 0. It is well known that a matrix T is
convergent if and only if p(T) < 1. By A4°(T) we denote the null
space of T.

We say that T is semiconvergent if lim,_. T* exists, although it
need not be the zero matrix. If, on the other hand, p(T) = 1, two
different conditions need to be satisfied to guarantee semiconver-
gence, as the following result shows.

Theorem 5 [11]. Let T € ®™", with p(T)=1. The matrix T is
semiconvergent if and only if the following two statements hold.
(a)1e€o(T)and y(T) <1, (b) /¥I-T)o (1 -T)=R".

Condition (b) is equivalent to the existence of the group inverse
(I - T)*, and it is also equivalent to having ind;T = 1; see, e.g., [6].
We review in what follows the definition of some generalized
inverses.

Definition 6 [6]. Let A € R"™*", and consider the following matrix
equations.

(1) AXA=A,
(2) XAX = X, and
(3) AX = XA.

A {1,2}-inverse of A is a matrix X which satisfies conditions (1) and
(2). If, in addition, X satisfies condition (3), X is said to be a group
inverse of A.

We would like to note that the group inverse A* of a matrix A, if
it exists, is unique. When A is nonsingular, each generalized inverse
coincides with A™".
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