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In this paper, we consider a low initial population model. Our aim is to study the peri-
odicity computation of this model by using neutral differential equations, which are recognized in
various studies including biology. We generalize the neutral Rayleigh equation for the third-order
by exploiting the model of fractional calculus, in particular the Riemann-Liouville differential oper-
ator. We establish the existence and uniqueness of a periodic computational outcome. The tech-
nique depends on the continuation theorem of the coincidence degree theory. Besides, an
example is presented to demonstrate the finding.
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an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Biocomputing is proposed as the procedure of constructing
models that use biological materials. The class of neutral dif-
ferential delay equations is the most popular model in Biocom-
puting. It was introduced by the famous British mathematical
biologist, Lord Rayleigh, as follows:
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X'() + (X' (1)) + ax(1) = 0. )

Eq. (1) is extended into a third order by various authors.
Abou-El-Ela et al. (2012) discussed a criterion for the existence
of periodicity to third order neutral delay differential equation
with one deviating argument as below:

X"(0) + ax"(1) + (X' (1 = (1) +/(x(t = (1)) = p(1).  (2)

Using the idea of the fractional calculus (see Podlubny,
1999), Eq. (1) is developed (see Ibrahim et al., 2016a,b.c).
Recently, Rakkiyappan et al. (2016) presented the periodicity
by applying fractional neural network model.

The objective of this work is to give new appropriate
conditions for guaranteeing the existence and uniqueness of
a periodic solution of fractional differential equation of order
3u (0 < p < 1) with two deviating arguments, taking the
form
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D) + P (ud (1))l (1) + (u(t))ud (1) + 0 (1, u(t — & (1))
+a(tu(r — &(1))) = p(1), 3)

where D is the Riemann-Liouville fractional differential
operator of order 3p, W,@,¢,6,p: R —R and 9,9, :
R x R — R are continuous functions ¢, & and p are periodic,
¥ and 9, are periodic in their first argument and 7 > 0.

2. Material and methods

For convenience, we let

1
T d
lul, = (/ \u(t)\“'dl> vk =1 ul = maxiepn|u(o)],
0

1T
|ploe = max,eon|p(1)] and p = ?/ p(n)dr.
0

Let the following sets
X ={uluc C*(R,R),u(t+T) =u(t), foralltc R}
and
T={lye CR,R),y(t+T) = y(1),

are be two Banach spaces with the norms

forallz e R}

el = max{ful o, W/ |, ||} and [[¥]]y = |y
Outline a linear operator L : Dom(L) C X — Y by setting
Dom(L) = {ulu € X, D*u(t) € C(R,R)},
and for u € Dom(L),
L, = D*u(). 4)
We as well term a nonlinear operator N : X — Y by setting
Ny = =Wl (0 (1) — ()il (1) — 1 (t,ult — 21 (1))
— da(t,u(t — e2(0))) + (). ()
Therefore, we have seen that KerL =R, dim(KerL) = 1,
ImL={ylyen, fOTy(g)dg =0} is a subset of Y and dim
(Y/ImL) = 1, which implies diom(Im L) = dim(KerL).

So the operator L is a Fredholm operator with index zero.
Now we define a nonlinear operator as follows:

L,=oN,, «€(0,1);

D¥u(t) + o ¥ (1)u" (1) + (u()u (1)
+ 01 (tu(r = &1(2))) + a1, u(t — (1)) } = ap(2), (6)

where the Riemann—Liouville fractional differential operator is
defined as follows:

1 d

t

/ (t—s) " u(s)ds, 0<1<oo.
0

We need the following outcome:

Method 2.1 (Continuation method) Assume that X and Y
be two Banach spaces. Supposing that L : Dom(L) C X — Y
is a Fredholm operator with index zero and N : X — Y is
L-compact on F, where F is an open bounded subset in
X. Furthermore, let the next conditions are satisfied:

(a) Lu # oNu, for allu € oF NDom(L), o € (0,1);
(b) Nu¢ ImL, forallu € wF NKerL;
(c) The Brower degree deg{ON, F N KerL,0}#0.

Then Lu = Nu has at least one solution on F N Dom(L).
Moreover, we need the following assumptions in the sequel:

(1) Suppose that there exist non-negative constants A;; 4,
By, B,; C; and C, such as

YW < 4y, [¥On) = Y00l < Aoy — 2l
For all y,y,,», € R,

lp(u)] < Ci, lo(ur) — @(u2)| < Crluy — us
For all u,u;,u, € R and

[9,(t,v) = ,(¢,v)| < B,Jo — V|

Forall yu,veR, 1=1,2.

(i1) Assume that the subsequent conditions are satisfied:

(H;) One of the next conditions holds

(1) (9,(¢,0) =9,(t,v))(v—v) >0 forallt,v,v € R, v#v,
1=1,2,

2) (0,(t,0) = 9,(t,v))(v—v) <0 forallt,v,v € R, v#v,
1=1,2;

(H;) There exists d > 0 like one of the following conditions
holds

(1) u{0(t,u) + O,(t,u) —p} >0 forallte R, |u| >d,
) u{V,(t,u) + 02(t,u) — p} <0 forallt € R,|u| > d,

If u(z) is a periodic solution of (6), then

1
. < d+ 5 VT, )
(iii) Assume that (i) and (if) hold such that
(iv)
T T T

If u(z) is a periodic solution of (3), then
[(B) + B))d+ M+ |p| ]T
Z{m*/ll I-a L - (B +Bz)%}

4SS

RS :K7

M = max{]9,(t,0)| 4+ |9.(2,0)| : 0 < ¢t < T}.

(v) Assume that (i)—(iii) hold. Also let the next condition
holds

T 7 T
F(3u+ 1) A1§+(A1K+C1)T(Bl +B2)+C2K§ < 1. (9)

3. Results

We impose the periodicity computation of the generalized neu-
tral equation (3) in the following result:

Result 3.1: Assume that (i) - (iv) hold. Then (3) has a unique
periodic solution.

Demonstration: Condition (iv) implies that (3) has at most
one periodic solution. Therefore, it is enough to prove that
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