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identical solutions.

The simple bimolecular ligand-receptor binding interaction is often linearized by assuming pseudo-first-
order kinetics when one species is present in excess. Here, a phase-plane analysis allows the derivation of
a new condition for the validity of pseudo-first-order kinetics that is independent of the initial receptor
concentration. The validity of the derived condition is analyzed from two viewpoints. In the first, time
courses of the exact and approximate solutions to the ligand-receptor rate equations are compared when
all rate constants are known. The second viewpoint assesses the validity through the error induced when
the approximate equation is used to estimate kinetic constants from data. Although these two interpreta-
tions of validity are often assumed to coincide, we show that they are distinct, and that large errors are
possible in estimated kinetic constants, even when the linearized and exact rate equations provide nearly

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

In biochemical kinetics, simplifying assumptions that decouple
or reduce the order of rate equations for complex reaction mech-
anisms are ubiquitous. Aside from making theoretical analysis of
complex reactions more tractable, order-reducing approximations
can greatly simplify the interpretation of experimental data [1,2].
Experiments performed under conditions that allow for lineariza-
tion have historically been the preferred method for estimating
equilibrium and rate constants because they allow for the isola-
tion of a subset of the interactions [3-5]. For this reason, when
designing an experiment, it is essential to know the necessary
conditions for the simplifying assumptions to be valid. Significant
theoretical work has been directed at deriving rigorous bounds
for the validity of simplifying assumptions [6-11], but this work
often overlooks the manner in which the reduced models are used
to interpret experimental results. In many cases, the simplified
models are used to estimate equilibrium and rate constants from
experimental data [12-14, for example]. Rarely is the validity of
a simplifying assumption analyzed with this utility in mind. To
examine how this viewpoint can affect the conditions for validity,
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we consider the simplest model for ligand-receptor binding with
1:1 stoichiometry [15].

Binding of ligand to cell surface receptors has been amenable to
in vitro experimental investigation for the past four decades [16].
In the typical experimental approach, isolated membranes pos-
sessing free receptors are studied using ligands as pharmaceutical
agents [17]. In the simplest model of such an experiment, the bind-
ing of a ligand L to a receptor R is a bimolecular reversible asso-
ciation reaction with 1:1 stoichiometry yielding a ligand-receptor
intermediate complex C:

ky
L+R = C (1)
k_q

where k; and k_; are, respectively, the association and dissocia-
tion rate constants of the ligand-receptor complex. This reaction
scheme is mathematically described by a system of coupled non-
linear second-order differential equations. By applying the law of
mass action to reaction (1), we obtain
a0 _ AR 9T R - ke, @)
In this system the parameter Ks = k_;/k; is the equilibrium con-
stant [4,15] and the square brackets denote concentration. Since no
catalytic processes are involved, the reaction is subject to the fol-
lowing conservation laws:

[Ro] = [RI(t) +[C](t) (3)
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[Lo] = [L]() + [CI(D). (4)

where [Rg] and [Lg] are the initial receptor and initial ligand con-
centrations. If the bimolecular reaction (1) is initiated far from the
equilibrium and in the absence of ligand-receptor complex, the
system (2) has the initial conditions at t = 0:

(IL]. [R]. [€]) = ([Lo]. [Ro]. 0) . (5)

We have expressed quantities in terms of concentration of species.
These equations are frequently given in terms of binding site num-
ber, using the identity [15]

[C] = (Ni/w)c (6)

where n is the cell density, Ny is Avogadro’s number, and C de-
notes the number of ligand-bound receptors per cell. We use the
concentration formulation here for clarity and without loss of gen-
erality.

The system (2) can be solved, subject to the conservation
laws [18]. Substituting (3) and (4) into (2) we obtain:

AT e (1ro] ~ D 0] - LD - KelCD. @)
We can rewrite this expression by factoring as follows:
(T I )} ®)
where

5y — Ws+ [Rol+ [LoD) + v/ (Ks +[Rol + [Lo])? — 4lRollLo] o,

2

This ordinary differential equation is readily solved subject to the
initial conditions (5) as

[Cl(t) = A (M) (10)

1- %exp(——

with
te = [kiy/(Ks + [Ro] + [Lo])? — 4[Ro][Lo]] . (11)

We note that [C](t) increases monotonically with time and will ap-
proach A_ from below. The quantity t¢ is the timescale for signif-
icant change in [C]. In this particular case, tc can be considered
as the time required for the reaction to reach steady-state. Solu-
tions for [R](t) and [L](t) can now be constructed by substituting
(10) into conservation laws (3) and (4).

Although there is a closed form solution for the reacting species
of the simple bimolecular ligand-receptor interaction, experimen-
tal biochemists prefer to determine the kinetic parameters of the
ligand-receptor binding using graphical methods [15]. One of the
graphical methods commonly used consists of plotting the solu-
tion of the ligand association assuming no ligand depletion on a
logarithmic scale with respect to time. Both the association and
dissociation rate constants can be determined using this linear
graphical method [19]. Similarly, if one seeks to avoid inaccuracies
due to logarithmic fitting, nonlinear regression can be used to fit
the kinetic data to a single exponential. However, the use of both
of these methods has the disadvantage of making an assumption
with respect to the relative concentrations of ligand and binding
sites [18].

In the ligand-receptor interaction with 1:1 stoichiometry and
no ligand depletion it is generally thought that, if the initial ligand
concentration is much higher than the initial receptor concentra-
tion, i.e.

[Lo] > [Rol. (12)

the ligand concentration [L] remains effectively constant during
the course of the reaction, and only the receptor concentration

[R] changes appreciably with time [3,4,20,21]. Since kinetic order
with respect to time is the same as with respect to [R], reac-
tion (1) is said to follow pseudo-first-order (PFO) kinetics if the [R]
dependence is of first order. The rates of second-order reactions
in chemistry are frequently studied within PFO kinetics [22,23]. In
the present case, the second-order reaction (1) becomes mathe-
matically equivalent to a first-order reaction, reducing to

kg
R = C (13)

k-1
where ky, = kq[Lg] is the pseudo rate constant. This procedure is
also known as the method of flooding [5]. The solution of the gov-
erning equations for a reaction linearized by PFO kinetics (or flood-
ing) is straightforward, and is widely employed to characterize ki-
netics and fit parameters with the aid of progress curves. An error
is however present due to the fact that, in actuality, the concentra-
tion of the excess reactant does not remain constant [22].

In 1961, Silicio and Peterson [22] made numerical estimates
for the fractional error in the observed PFO constant for second-
order reactions. They found that the fractional error is less than
10% if the reactant concentration ratio, [Rg]: [Lo] say, is tenfold.
On the other hand, Corbett [24] found that simplified expres-
sions with the PFO kinetics can yield more accurate data than is
generally realized, even if only a twofold excess of one the re-
actants is employed. For ligand-receptor dynamics, Weiland and
Molinoff [18] claim that the PFO simplification is acceptable if ex-
perimental conditions are such that less than 10% of the ligand
is bound. These results indicate that the conditions whereby a
second-order ligand-receptor reaction is reduced to first order re-
main to be well-established.

It is widely believed that second-order reactions can be stud-
ied by PFO kinetics using progress curves only when the excess
concentration of one of the reactants is large [23,5, for example].
However, contrary to the widely established knowledge, Schnell
and Mendoza [10] have found that the condition for the validity
of the PFO in the single substrate, single enzyme reaction does
not require an excess concentration of one of the reactant with re-
spect to the other. In the present work, we derive the conditions
for the validity of the PFO approximation in the simple ligand-
receptor interaction. Additionally, we show two fundamentally dif-
ferent methods of assessing the validity of the approximation. The
first compares the exact and approximate solutions to the rate
equations under identical conditions. The second measures the ve-
racity of parameters estimated by fitting the approximate model
to data. Although these two measures of validity are generally as-
sumed to coincide, we show that they are quantitatively and qual-
itatively distinct. In Section 2 the reduction of the ligand-receptor
association by PFO kinetics is summarized followed by its dynam-
ical analysis in Section 3. The new validity condition is derived in
Section 4, and an analysis of the errors observed with the PFO ki-
netics is presented in Section 5. This is followed by a brief discus-
sion (Section 6).

2. The governing equations of the ligand-receptor dynamics
with no ligand depletion

In ligand-receptor dynamics with 1:1 stoichiometry and no lig-
and depletion, the second-order ligand-receptor interaction in re-
action (1) is neglected when condition (12) holds; the reaction ef-
fectively becomes first order since the concentration of the reac-
tant in excess is negligibly affected. This is equivalent to assuming
that

[Lo] = [C] = [Lo]. (14)

The alternative case, in which the depletion of the receptor is as-
sumed to be negligible, is shown to be symmetric in Appendix A.
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