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a b s t r a c t 

Classical Thiem’s well hydraulic theory, other aquifer test analyses, and flow modeling effort s often as- 

sume the existence of “quasi-steady” state conditions. That is, while drawdowns due to pumping con- 

tinue to grow, the hydraulic gradient in the vicinity of the pumping well does not change significantly. 

These conditions have built upon two-dimensional and equivalent homogeneous conceptual models, but 

few field data have been available to affirm the existence of these conditions. Moreover, effects of het- 

erogeneity and three-dimensional flow on this quasi-steady state concept have not been thoroughly in- 

vestigated and discussed before. In this study, we first present a quantitative definition of quasi-steady 

state (or steady-shape conditions) and steady state conditions based on the analytical solution of two- 

or three-dimensional flow induced by pumping in unbounded, homogeneous aquifers. Afterward, we use 

a stochastic analysis to investigate the influence of heterogeneity on the quasi-steady state concept in 

heterogeneous aquifers. The results of the analysis indicate that the time to reach an approximate quasi- 

steady state in a heterogeneous aquifer could be quite different from that estimated based on a homoge- 

neous model. We find that heterogeneity of aquifer properties, especially hydraulic conductivity, impedes 

the development of the quasi-steady state condition before the flow reaching steady state. Finally, 280 

drawdown-time data from the hydraulic tomographic survey conducted at a field site corroborate our 

finding that the quasi-steady state condition likely would not take place in heterogeneous aquifers unless 

pumping tests last a long period. 

Research significance 

(1) Approximate quasi-steady and steady state conditions are defined for two- or three-dimensional 

flow induced by pumping in unbounded, equivalent homogeneous aquifers. (2) Analysis demonstrates ef- 

fects of boundary condition, well screen interval, and heterogeneity of parameters on the existence of 

the quasi-steady, and validity of approximate quasi-steady concept. (3) Temporal evaluation of informa- 

tion content about heterogeneity in head observations are analyzed in heterogeneous aquifer. (4) 280 

observed drawdown-time data corroborate the stochastic analysis that quasi-steady is difficult to reach 

in highly heterogeneous aquifers. 

© 2017 Elsevier Ltd. All rights reserved. 

1. Introduction 

Multi-scale heterogeneity of aquifers is the rule rather than 

the exception. Nevertheless, widely-accepted analyses of cross-hole 
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pumping tests adopt an equivalent homogeneous conceptual model 

( Yeh et al., 2015b ) to homogenize aquifer heterogeneity. Using a 

stochastic analysis, Wu et al. (2005 ) showed that the governing 

equation for the equivalent homogeneous model is an ensemble 

mean equation, embedding with effective transmissivity and stor- 

age coefficient. As such, it represents the physical principle gov- 

erning the average flow over many possible realizations (i.e., an 

ensemble) of flow fields under the same stress, and it predicts 
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ensemble mean hydraulic head fields ( Yeh et al., 2015b ). As a re- 

sult, as one applies this model to a real-world aquifer, one in- 

evitably invokes the ergodicity assumption (i.e., the ensemble av- 

erage is equivalent to the spatial average ( Sanchez-Vila and Tar- 

takovsky, 2007 )). Specifically, the predicted mean heads at a given 

radial distance from the pumping well will be equivalent only 

to the averages of heads at different locations at the same ra- 

dial distance in a heterogeneous aquifer. Wu et al. (2005 ) sub- 

sequently advocated that using observed drawdown-time data at 

one observation well in an equivalent homogeneous model to es- 

timate aquifer properties is tantamount to comparing apples and 

oranges. They further showed that the estimated aquifer properties 

from Theis solution ( Theis, 1935 ) or Cooper and Jacob’s approach 

( Cooper and Jacob, 1946 ) using one well hydrograph are ambigu- 

ously averaged properties over the cone of depression. More specif- 

ically, rather than the average values of aquifer properties over the 

cone of depression, the transmissivity estimate based on late time 

drawdown data is heavily influenced by the heterogeneity near the 

pumping well and the observation well, and the storage coefficient 

estimate is mainly related to the heterogeneity between the pump- 

ing well and the observations. 

Results of analysis of data from field experiments in Huang et 

al. (2011 ), Straface et al. (2007 ) and Wen et al. (2010 ) corroborated 

the findings by Wu et al. (2005 ). They further suggested that the 

estimated parameters using an equivalent homogeneous model are 

scenario-dependent: they vary with duration of the pumping and 

the location of the pumping well. Yeh et al. (2015b ) and Yeh and 

Lee (2007 ) pointed out that the non-intrinsic natures of these es- 

timates mainly arise from our ignorance of the ergodicity assump- 

tion behind the equivalent homogeneous models. That is, the flow 

itself must sample sufficient heterogeneity in the aquifer such that 

the ensemble mean equation is applicable. In addition to insuffi- 

cient data, the basic assumption (i.e., the form of the equivalent 

model) may also involve uncertainty. For instance, the selection of 

single-porosity or dual-porosity model may have significant impact 

on the equivalent parameter (especially storage coefficient) as well 

as the scale to reach ergodicity condition ( Pedretti et al., 2016 ). 

For this reason, Yeh and Lee (2007 ) emphasized the necessity of 

detailed characterizations of the spatial distributions of hydraulic 

properties in order to minimize these problems. 

Similar to the homogeneity assumption, quasi-steady state as- 

sumption has been widely accepted and employed in the anal- 

ysis of aquifer tests. For example, the well-known Thiem equa- 

tion ( Thiem, 1906 ) assumes the existence of an effective area of 

inference during a pumping test and suggests the use of steady 

state solution to estimate hydraulic conductivity. It is also com- 

mon to assume the establishment of quasi-steady flow near the 

pumping well during tracer tests, so that the solute transport can 

be studied analytically or numerically under steady velocity field 

[e.g., ( Lu and Stauffer, 2012 ; Pedretti and Fiori, 2013 )] . Heath and 

Trainer (1968 ) stated that if quasi-steady state conditions (called 

steady-shape conditions) apply to near the well, Thiem equation 

is applicable. Butler (1988 ) pointed out that steady-shape condi- 

tions are reached when t = 100 r 2 S/ (4 T ), where r is the distance be- 

tween the pumping well and observation well, S is the storage co- 

efficient, and T is the transmissivity. More recently, Bohling et al. 

(20 02, 20 07 ) and Hu et al. (2011 ) championed the robustness of 

this assumption for cutting down computational costs in analyzing 

hydraulic tomography (HT). The importance of steady-shape condi- 

tions in practice was reemphasized by Heath (2009 ). For practical 

modeling applications, Domenico and Schwartz (1998 ) proposed an 

aquifer system time constant for aquifer. They claimed that if the 

time at which we wish to observe the system is much larger than 

the time constant, the system will appear to be at steady state, 

and the system can be simulated using a steady-state model. Based 

on this suggestion, Anderson et al. (2015 ) discussed one ground- 

water modelers’ fundamental decision—where a transient model is 

needed. They stated that since steady-state models are much eas- 

ier to operate than transient models, the formers are typically pre- 

ferred provided they adequately address the modeling objective. 

By assuming existence of quasi-steady conditions in a statisti- 

cally homogeneous and horizontally isotropic aquifer, Neuman et 

al. (2004 ) proposed a graph method to estimate the geometric 

mean, integral scale and variance of the log transmissivity field 

on the basis of quasi-steady data when a randomly heterogeneous, 

two-dimensional aquifer is pumped at a constant rate. Using nu- 

merical experiments, they showed that the mean and integral scale 

can be reasonably recovered if there were sufficient observations, 

but it was difficult to obtain accurate variance value. Neuman et 

al. (2007 ) showed the existence of quasi-steady regime in hetero- 

geneous aquifer with numerical experiment and field data. Never- 

theless, Vasco and Karasaki (2006 ) argued that in heterogeneous 

media, the onset of quasi-steady conditions might be delayed by 

the presence of low-conductivity regions, which fail to equilibrate 

with the surrounding medium. 

The accuracy or validity of these applications of quasi-steady 

state conditions, however, are difficult to assess because of the fol- 

lowing reasons: (1) Aquifers are inherently heterogeneous and flow 

is always three-dimensional. The number of wells in field experi- 

ments is limited and the wells are not fully penetrating the entire 

thickness of the aquifer as required by Theis solution. As a con- 

sequence, few field data have offered convincing evidence of the 

existence of quasi-steady state conditions. (2) The inverse solution 

for ill-defined problems (i.e., lack of the necessary conditions, see 

Mao et al. (2013b ) and Yeh et al. (2015a ,b )) always involve uncer- 

tainty. (3) The choice of the equivalent homogeneous model (e.g., 

single-porosity or dual-porosity model) may also have impact on 

the occurrence of the steady-shape condition ( Pedretti et al., 2016 ). 

The robustness of application of quasi-steady state conditions to an 

inverse modeling problem thus is still in question. Here, we focus 

on the first issue to discuss the validity of steady-shape condition. 

In this study, we first offer a quantitative definition of quasi- 

steady state condition in unbounded homogeneous aquifers. After- 

wards, the validity of quasi-steady condition in bounded hetero- 

geneous aquifers is analyzed using the stochastic concept and ap- 

proach. The temporal evolution of cross-correlations between pa- 

rameters and the observed drawdown is considered subsequently. 

At last, a large number of observed drawdown-time curves due to 

pumping in a field are examined. We then discuss implications of 

the results and present our conclusions. 

2. Quasi-steady state in equivalent homogeneous aquifers 

2.1. Two-dimensional, homogeneous aquifers 

Based on the equivalent homogeneous conceptual model, a 

quasi-steady (or steady-state shape) condition can be defined if the 

temporal changes of hydraulic gradients between all available ob- 

servation wells are “sufficiently” small. In order to derive a quanti- 

tative definition, we will start from the governing equation of two- 

dimensional flow in homogeneous and isotropic confined aquifer 

and assume the aquifer is unbounded in all lateral directions. With 

these assumptions, an analytical solution for the drawdown at a ra- 

dial distance r from a pumping well was reported by Theis (1935 ), 

s ( r, t ) = 

Q 

4 πT 
W ( u ) (1) 

where s is the drawdown (initial head minus head at time t ), 

W (u ) = 

∫ ∞ 

u 
e −z 

z dz is the well function and u = r 2 S/ (4 Tt ), S is the 

storage coefficient, t is time, T is transmissivity, Q is the constant 

pumping rate. 
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