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In this paper we compute the sum of the k-th powers of all the 
elements of a finite commutative unital ring, thus generalizing 
known results for finite fields, the rings of integers modulo n
or the ring of Gaussian integers modulo n. As an application, 
we focus on quotient rings of the form (Z/nZ)[x]/(f(x)) for a 
polynomial f ∈ Z[x].
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1. Introduction

For a finite ring R and k ≥ 1, we define the power sum

Sk(R) :=
∑
r∈R

rk.
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Throughout the paper we will deal only with finite commutative unital rings and our 
main objective will be the computation of Sk(R) in this case.

The problem of computing Sk(R) has been completely solved only for some particular 
families of finite rings. If R is a finite field Fq, the value of Sk(Fq) is well-known. If 
R = Z/nZ, the study of Sk(Z/nZ) dates back to 1840 [5] and has been addressed in 
various works [1,3,4]. More recently, the case R = Z/nZ[i] has been solved in [2]. For 
these cases, we have the following known results.

Proposition 1.

i)

Sk(Fq) =
{
−1, if (q − 1) | k ;
0, otherwise.

ii)

Sk(Z/nZ) =

⎧⎪⎨
⎪⎩
−

∑
p|n,p−1|k

n

p
, if k is even or k = 1 or n �≡ 0 (mod 4);

0, otherwise.

iii)

Sk(Z/nZ[i]) =

⎧⎪⎨
⎪⎩

n
2 (1 + i), if k > 1 is odd and n ≡ 2 (mod 4);

−
∑

p∈P(k,n)

n2

p2 , otherwise.

where

P(k, n) := {prime p : p || n, p2 − 1 | k, p ≡ 3 (mod 4)}

and p || n means that p | n, but p2 � n.

Let R be a finite commutative unital ring and assume that |R| = ps11 · · · psll . This 
implies that char(R) = pt11 · · · ptll with 1 ≤ ti ≤ si for every i. Define rings Ri = R/ptii R

for every i ∈ {1, . . . , l}. Then, we have the following decomposition as a direct sum of 
rings,

R ∼= R1 ⊕ · · · ⊕Rl, (1)

with char(Ri) = ptii and ti = si if and only if Ri is isomorphic to Z/psii Z.
In addition, for every 1 ≤ i ≤ l, the additive group (Ri, +) is a finite abelian p-group 

so it can be decomposed as a direct sum of cyclic p-groups
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