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1. Introduction

Fix a (commutative) field F', a scalar A € F, and a matrix A € F"*". The subspace
Cr(AN):={BeF"" | AB—\BA =0}

is called a twisted centralizer code. We are primarily interested in the case when F' = I, is
a finite field, in which case Cr(A, \) is a linear code. This paper is motivated by results
in [3]. We rely heavily on the fact that replacing A by a conjugate does not change
dim Cr(A, \). By contrast, the Hamming weight of a matrix (the number of nonzero
entries), is highly sensitive to change of basis. Coding theory applications are considered
in [4].

Let c4(t) be the characteristic polynomial of A, namely det(¢tI — A), and let m(¢)
be its minimal polynomial. Let F be the algebraic closure of F. Let S(A) denote the set
of roots of m 4 (t) and hence also of c4(t) in F, and let L be the subfield of F containing
S(A) and F, i.e. the splitting (sub)field for ca(t). Suppose ca(t) = [[oega)(t — )™
for positive integers m,. View L™ as a right L[A]-module (usually as n-dimensional row
vectors over L). For @ € L let K, be the a-eigenspace {v € L™ | vA = av}, and set
ko = dim(K,). Note that K, # {0} if and only if o € S(A). Thus, in particular, Ky is
the row null space of A which we also denote RNully, (A), and kg is the nullity of A. The
(t — a)-primary L[A]-submodule of L™ is M, = {v € L™ | v(A—al)™ = 0}. Observe that
dim(M,) = my and K, < M,, so that k, < mg. To stress the dependence on A, we
write K4 o, k4,0, M4 o, Mao. When A = 1, we write Cr(A) instead of Cr(A,1). Note
that Cr (A, \) is a module for the F-algebra Cr(A).

In Section 2 we see how Cp(A, A) decomposes, and in Section 3 we identify Cp(A, \)
with the null space of a (parity check) matrix. When A # 0, the ‘A-twisted’ characteristic
polynomial \"c4(A71t) is closely related to dim Cp(A, ). In Section 4 we prove that
dim Cr(A,\) = deg(ged(ca(t), \"ca(A71t))) when A is cyclic and A # 0. If X # 0
then Cp(A, \) = Cp(Ani, A) ® Cp(Ainy, A) by Theorem 2.2 where Ay and Ajy,, denote
the ‘nilpotent and invertible parts’ of A. Theorem 2.4 gives a decomposition of Cp(A, A)
related to the (t—a)-primary L[A]-submodules of L™ provided F has prime characteristic,
and a certain condition holds involving A\"ca(A™1t) and A~"ca(\t).

If det(A) = 0, then Cr(A, X) # {0} for all A € F by Corollary 2.7. In Section 5 we show
when A ¢ {0,1} that the probability is positive, that a uniformly distributed A € Fy*™
has Cr,(A,)\) # {0}. In Section 6 we establish upper bounds for dim Cr(A,\), and
Theorem 6.2 proves that A ¢ {0, 1} and ko+mg/2 < n implies that dim Cr(A, \) < n?/2.
The bound n?/2 is attained when n is even and A\ = —1 by Remark 6.4.

2. The nilpotent and invertible parts of A

A matrix A € F™*" is called nilpotent if A = 0. The n-dimensional row space
V = F™ decomposes as V = V1 ® Vi, where
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