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1. Introduction

Let R be a finite commutative local ring with maximal ideal M and residue field
k = R/M equipped with the reduction map ~: R — k. A polynomial in R[x] is regular
if its reduction is not zero in the residue field. Let f(z) be a primary regular non-unit
polynomial in R[z]. That is, its reduction f(x) is a power of an irreducible polynomial
in k[z]. By Hensel’s lemma,
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fx) = d(x)m(x)® + ()

where s € N, §(x) is a unit, 8(z) € M[z] and 7(x) is a monic irreducible polynomial in
R|x] of degree n € N such that its reduction 7(z) is irreducible in k[z]. Let I denote the
principal ideal generated by f(x). It follows from Theorem 4.3.2 of [1] that R[x]/I is a
local ring of order |R|™® with maximal ideal

M = (M, (x))/1
= {h(@) +7(x)g(x) + I : h(z) € Mlz], g(z) € Rlz], deg h(z) <n,
degg(z) <n(s—1)},

so that |M| = |M|™|R|"*~1). Moreover, the quotient field

Rlal/T [ (M, n(2))/1 = Rla)/ (M, (@) = Klz]/((x),

and the canonical map is given by

w(g(x) + 1) = g(x) + (7(x))

for all g(z) € R[z]. Write I'f(R) for the unit group (R[z]/I)*. Then
ILs(R) = [RI™ — M| = [R["C"D(R|" — |M[").

Assume that n > 1. For 1 < d < n, let Py(R) be the set of monic primary polynomials of
degree d in R[z]. Define the Cayley graph G4(R, f) as follows. The vertex set is I'f(R) and
there is a directed edge from gy () + I to go(x) + I if and only if (go(z) +1)(g1(x) + 1)~ !
is in Py(R) + I, the set of cosets of I with representatives in Py(R). This graph depends
on three parameters, namely, d, R, f. It is a regular graph of degree | Py(R)|. Since d < n,
P;(R) + I is a subset of I'f(R) and |Py(R) + I| = |P4(R)|. Note that the cardinality of
P;(R) is equal to the number of the liftings of monic primary polynomials of degree d
in k[z]. Hence,

|Pa(R)| = |M|?|Pa(k)],
where P4(k) is the set of monic primary polynomials of degree d in k[z]. Moreover,
1 o |k
Pali)] = 307 3 lm) il ~
Id ~ mll

where p is the Mobius function. If R is a finite field and f(z) is an irreducible poly-
nomial, then the graph Gu(R, f) reduces to G4(k,7), which has been studied by Lu
et al. [4]. Their idea came from Chung’s graphs G1(k, 7) [2]. Recently, Huang and Liu [3]
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