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In this work, we define and study the algebraic Cayley directed 
graph over a finite local ring. Its vertex set is the unit group 
of a finite extension of a finite local ring R and its adjacency 
condition is that the quotient is a monic primary polynomial. 
We investigate its connectedness and diameter bound, and we 
also show that our graph is an expander graph. In addition, if 
a local ring has nilpotency two, then we obtain a better view 
of our graph from the lifting of the graph over its residue field.

© 2017 Elsevier Inc. All rights reserved.

1. Introduction

Let R be a finite commutative local ring with maximal ideal M and residue field 
k = R/M equipped with the reduction map ¯ : R −→ k. A polynomial in R[x] is regular
if its reduction is not zero in the residue field. Let f(x) be a primary regular non-unit 
polynomial in R[x]. That is, its reduction f(x) is a power of an irreducible polynomial 
in k[x]. By Hensel’s lemma,
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f(x) = δ(x)π(x)s + β(x)

where s ∈ N, δ(x) is a unit, β(x) ∈ M [x] and π(x) is a monic irreducible polynomial in 
R[x] of degree n ∈ N such that its reduction π(x) is irreducible in k[x]. Let I denote the 
principal ideal generated by f(x). It follows from Theorem 4.3.2 of [1] that R[x]/I is a 
local ring of order |R|ns with maximal ideal

M = 〈M,π(x)〉/I

= {h(x) + π(x)g(x) + I : h(x) ∈ M [x], g(x) ∈ R[x], deg h(x) < n,

deg g(x) < n(s− 1)},

so that |M| = |M |n|R|n(s−1). Moreover, the quotient field

R[x]/I
/
〈M,π(x)〉/I ∼= R[x]/〈M,π(x)〉 ∼= k[x]/〈π(x)〉,

and the canonical map is given by

μ(g(x) + I) = g(x) + 〈π(x)〉

for all g(x) ∈ R[x]. Write Γf (R) for the unit group (R[x]/I)×. Then

|Γf (R)| = |R|ns − |M| = |R|n(s−1)(|R|n − |M |n).

Assume that n > 1. For 1 ≤ d < n, let Pd(R) be the set of monic primary polynomials of 
degree d in R[x]. Define the Cayley graph Gd(R, f) as follows. The vertex set is Γf (R) and 
there is a directed edge from g1(x) + I to g2(x) + I if and only if (g2(x) + I)(g1(x) + I)−1

is in Pd(R) + I, the set of cosets of I with representatives in Pd(R). This graph depends 
on three parameters, namely, d, R, f . It is a regular graph of degree |Pd(R)|. Since d < n, 
Pd(R) + I is a subset of Γf (R) and |Pd(R) + I| = |Pd(R)|. Note that the cardinality of 
Pd(R) is equal to the number of the liftings of monic primary polynomials of degree d
in k[x]. Hence,

|Pd(R)| = |M |d|Pd(k)|,

where Pd(k) is the set of monic primary polynomials of degree d in k[x]. Moreover,

|Pd(k)| =
∑
l|d

1
l

∑
m|l

μ(m)|k| l
m ∼ |k|d

d
,

where μ is the Möbius function. If R is a finite field and f(x) is an irreducible poly-
nomial, then the graph Gd(R, f) reduces to Gd(k, π), which has been studied by Lu 
et al. [4]. Their idea came from Chung’s graphs G1(k, π) [2]. Recently, Huang and Liu [3]
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