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Recently some special type of mixed alphabet codes that 
generalize the standard codes has attracted much attention. 
Besides Z2Z4-additive codes, Z2Z2[u]-linear codes are intro-
duced as a new member of such families. In this paper, we are 
interested in a new family of such mixed alphabet codes, i.e., 
codes over Z2Z2[u3] where Z2[u3] = {0, 1, u, 1 + u, u2, 1 + u2,
u + u2, 1 + u + u2} is an 8-element ring with u3 = 0. We 
study and determine the algebraic structures of linear and 
cyclic codes defined over this family. First, we introduce 
Z2Z2[u3]-linear codes and give standard forms of generator 
and parity-check matrices and later we present generators of 
both cyclic codes and their duals over Z2Z2[u3]. Further, we 
present some examples of optimal binary codes which are ob-
tained through Gray images of Z2Z2[u3]-cyclic codes.
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1. Introduction

Linear codes over finite rings have attracted a great attention after the famous paper 
written by Hammons et al. in 1994 [11] where algebraic structures are presented for 
some well-known nonlinear binary codes via a Gray map. After this paper, there have 
been and are still many studies on codes over rings. Recently, codes over mixed alphabet 
rings viewed as submodules have been studied. The first of these studies is an interesting 
paper authored by Borges et al. (2010) presenting Z2Z4-additive codes as Z4 submodules 
(additive groups) of Zα

2 × Z
β
4 where α and β are positive integers [7]. Later, Aydogdu 

and Siap generalized these additive codes to codes over Z2 × Z2s [3] and Zpr × Zps [4]
where r and s (1 ≤ r < s) are positive integers and p is prime. The mixed alphabet 
approach has brought other possible choices and also new directions to be explored. In 
one of the such studies, Aydogdu et al. have introduced Z2Z2[u] codes where Z2[u] =
{0, 1, u, 1 +u} and u2 = 0 as submodules in [5] recently. Although, the structure of these 
codes is similar to the structure of codes over Z2×Z4, these codes have some advantages 
compared to Z2Z4-additive codes. For example, the Gray images of linear codes over 
Z2Z2[u] are also binary linear codes, however, this is not always the case for codes over 
Z2Z4. Another advantage of working over such submodules is that, the factorization of 
polynomials in Z2[x] is also valid since Z2 is a subring of Z2[u] and Hensel’s lift is not 
necessary.

Recently, Abualrub et al. defined cyclic codes for Z2Z4-additive codes [2]. Inspired by 
this paper, Aydogdu et al. presented the structure of cyclic and constacyclic codes and 
their duals in [6].

In this paper we generalize the results of the papers [5] and [6] as Z2Z2[u3]-linear 
and cyclic codes and determine the spanning sets of both cyclic codes and their duals. 
We also give some examples of optimal binary codes derived from the Z2Z2[u3]-cyclic 
codes.

2. ZZZ2ZZZ2[u3]-linear codes

Consider the finite binary field Z2 = {0, 1} and the finite ring Z2 + uZ2 + u2
Z2 =

R3 =
{
0, 1, u, 1 + u, u2, 1 + u2, u + u2, 1 + u + u2} where u3 = 0. It is clear that the ring 

Z2 is a subring of R3. We construct the set

Z2R3 = {(v, v′) |v ∈ Z2 and v′ ∈ R3} .

This set can not be made an R3-submodule with respect to scalar multiplication directly. 
We need to define an auxiliary map

η : R3 → Z2 (1)

η
(
a + ub + u2c

)
= a,
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