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In this paper, we give the necessary and sufficient condition 
that Fibonacci and Lucas polynomials are irreducible in Fq [T ]. 
As applications of our results, under the GRH, we prove that 
there are infinitely many irreducible Fibonacci and Lucas 
polynomials in Fq [T ] for some q.
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1. Introduction

Fibonacci numbers Fn and Lucas numbers Ln are defined recursively by

F0 = 0, F1 = 1, Fn = Fn−1 + Fn−2 (n ≥ 2),
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L0 = 2, L1 = 1, Ln = Ln−1 + Ln−2 (n ≥ 2).

If Fn (resp. Ln) is a prime, then Fn (resp. Ln) is called a Fibonacci prime (resp. a Lucas 
prime). Many Fibonacci and Lucas primes have been found by several researchers (see [2], 
[4]), but it is unknown whether there are infinitely many Fibonacci and Lucas primes.

As an analogue of this problem, several authors have studied the irreducibility of Fi-
bonacci polynomials Fn(T ) and Lucas polynomials Ln(T ), which are defined recursively 
by

F0(T ) = 0, F1(T ) = 1, Fn(T ) = TFn−1(T ) + Fn−2(T ) (n ≥ 2),

L0(T ) = 2, L1(T ) = T, Ln(T ) = TLn−1(T ) + Ln−2(T ) (n ≥ 2).

Notice that Fn(1) = Fn and Ln(1) = Ln. Webb and Parberry [9] showed that Fn(T ) is 
irreducible over Q if and only if n is a prime. Bergum and Hoggatt [1] showed that Ln(T )
is irreducible over Q if and only if n = 2m(m ≥ 0), and Ln(T )/T (n odd) is irreducible 
over Q if and only if n is a prime.

In this paper, we consider the irreducibility of Fibonacci and Lucas polynomials in 
Fq[T ], where Fq is the finite field with q elements. By using algebraic number theory, 
we give the necessary and sufficient condition that Fn(T ), Ln(T ) and Ln(T )/T (n odd) 
are irreducible in Fq[T ] (see Theorems 3.1–3.3, 3.5–3.8). As applications of these results, 
under the GRH, we show that there are infinitely many irreducible Fibonacci and Lucas 
polynomials in Fq[T ] for some q.

2. Preparation

We review some properties of Fibonacci and Lucas polynomials over Q. For details, 
see [5] and references therein.

Proposition 2.1. For n ≥ 2, we have

Fn(T ) =
n−1∏
k=1

(
T − 2i cos

(
kπ

n

))
.

Proof. See [5, p. 478]. �
Define F ∗

n(T ) by

F ∗
n(T ) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1 if n = 1,
n−1∏
k=1

(k,n)=1

(
T − 2i cos

(
kπ

n

))
if n ≥ 2.
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