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Permutation trinomials of the form xrh(x2m−1) over F22m are
investigated in this paper, which is a further study on a recent 
work of Gupta and Sharma. Based on some bijections over 
the unit circle of F22m with order 2m + 1, the two conjectures 
proposed by Gupta and Sharma are confirmed and several 
new permutation trinomials are presented.
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1. Introduction

Let Fq be a finite field with q = pn elements, where p is a prime and n is a positive 
integer. A polynomial f ∈ Fq[x] is called a permutation polynomial (PP) over Fq if it 
induces a bijection on Fq. PPs are an interesting subject of mathematics and engineering, 
and we refer the reader to [10,14] for more details of the recent advances and contributions 
to the area.

The existence result of PPs with the form xrf(x(q−1)/d) can be found in [16], where 
r and d are positive integers with d | (q − 1). Lee and Park [11] further characterized 
some trinomial permutations over Fq in the case of d = 3. In [4], Ding et al. obtained 
several new classes of permutation trinomials by a multivariate approach. Hou [9] de-
termined the permutation behavior of trinomials ax + bxq + x2q−1 ∈ Fq2 [x] over Fq2 . 
Recently, Gupta and Sharma [7] presented four new classes of trinomial permutations 
of the form xrh(x2m−1) over F22m and proposed two conjectures about permutation tri-
nomials. Permutation trinomials have simple algebraic form and important applications 
in various areas such as finite geometry [2,3], combinatorial design [5] and cryptogra-
phy [6,8]. The recent progress on permutation trinomials can be seen in [12,14] and the 
references therein.

In this paper, we continue the work of [7] and study permutation trinomials of the 
form xrh(x2m−1) over F22m . By constructing bijections over the unit circle of F22m with 
order 2m + 1, we present six new classes of permutation trinomials, which confirm the 
two conjectures proposed by Gupta and Sharma. Moreover, we describe a relationship 
between two families of permutation polynomials over F22m .

2. Preliminaries

Throughout this paper, we always let d, r, m, q be positive integers with q = 22m

and d|(q− 1). Let ω be a primitive cubic root of unity in the algebraic closure of Fq and 
denote the set of d-th roots of unity by μd. For each element x in the finite field Fq, we 
denote x2m by x in analogy with the usual complex conjugation. Obviously, x +x ∈ F2m

and xx ∈ F2m . Define the unit circle of Fq by the set

μ2m+1 = {x ∈ Fq : x2m+1 = xx = 1}.

The trace function from F2m to F2 is defined by

Trm1 (x) = x + x2 + · · · + x2m−1
.

Gupta and Sharma in [7] presented two conjectures about permutation trinomials as 
follows.

Conjecture 1. [7] The polynomial f(x) = x5 + x3·2m+2 + x4·2m+1 ∈ F22m [x] is a permu-
tation trinomial over F22m if and only if m ≡ 2(mod 4).
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