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This paper contains a complete study of superspecial curves of 
genus 4 in characteristic p ≤ 7. We prove that there does not 
exist a superspecial curve of genus 4 in characteristic 7. This 
is a negative answer to the genus 4 case of the problem pro-
posed by Ekedahl [9] in 1987. This implies the non-existence 
of maximal curve of genus 4 over F49, which updates the ta-
ble at manypoints.org. We give an algorithm to enumerate 
superspecial nonhyperelliptic curves in arbitrary p ≥ 5, and 
for p ≤ 7 we execute it with our implementation on a com-
puter algebra system Magma. Our result in p = 5 re-proves 
the uniqueness of maximal curves of genus 4 over F25, see [11]
for the original theoretical proof.
In Appendix, we present a general method determining Hasse–
Witt matrices of curves which are complete intersections.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

Let p be a rational prime. Let K be a perfect field of characteristic p. Let K denote 
the algebraic closure of K. By a curve, we mean a non-singular projective variety of 
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dimension 1. A curve over K is called superspecial if its Jacobian is isomorphic to a 
product of supersingular elliptic curves over K. It is known that C is superspecial if and 
only if the Frobenius on H1(C, OC) is zero.

This paper concerns the enumeration of superspecial curves of genus g = 4. Our 
interest in the case of g = 4 comes from the fact that for g ≥ 4 the dimension of 
the moduli space of curves of genus g is strictly less than that of the moduli space of 
principally polarized abelian varieties of dimension g. This fact means that the theory on 
abelian varieties is not so effective for our purpose for g ≥ 4. In [9], Theorem 1.1, Ekedahl 
proved that if there exists a superspecial curve C of genus g in characteristic p, then 
2g ≤ p2 − p, and 2g ≤ p − 1 if C is hyperelliptic and (g, p) �= (1, 2). In particular there 
is no superspecial curve of genus 4 in characteristic ≤ 3 and there is no superspecial 
hyperelliptic curve of genus 4 in characteristic ≤ 7. Hence in this paper we restrict 
ourselves to the nonhyperelliptic case in p ≥ 5.

Our main results in this paper are the following.

Theorem A. Any superspecial curve of genus 4 over F25 is F25-isomorphic to

2yw + z2 = 0, x3 + a1y
3 + a2w

3 + a3zw
2 = 0

in P3, where a1, a2 ∈ F
×
25 and a3 ∈ F25.

By Theorem A, we can give another proof of the uniqueness of maximal curves over 
F25 (Corollary 5.1.1 and Example 6.2.4), see [11] for the original theoretical proof.

Theorem B. There is no superspecial curve of genus 4 in characteristic 7.

Theorem B gives a negative answer to the genus 4 case of the problem proposed by 
Ekedahl in 1987, see p. 173 of [9]. Also this implies the non-existence of maximal curve 
of genus 4 over F49, which updated the table at manypoints.org. The site updates the 
upper and lower bounds of Nq(g) the maximal number of rational points on curves of 
genus g over Fq, after the paper [12] of van der Geer and van der Vlugt was published. 
See Section 5.1 for the details of our contribution to the value of N49(4). The authors 
learn much about this from E. W. Howe.

Here, we briefly describe our strategy to prove Theorems A and B. First we give a 
criterion for the superspeciality of curves defined by two equations, which is reminiscent 
of Yui’s result [18] on hyperelliptic curves. We regard a quadric as a (possibly degenerate) 
quadratic form Q. Considering transformations by elements of the orthogonal group 
associated to Q, we reduce parameters of cubic forms as much as possible. After that, 
we enumerate cubic forms P such that V (P, Q) are superspecial. Our concrete algorithm 
of the enumeration is as follows. We regard coefficients of P as variables, and construct 
a multivariate system by our criterion for the superspeciality. We solve the system with 
the hybrid method [2]. In this paper, we are only interested in the solutions whose entries 
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