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In [8], G. Kyureghyan showed that the function F (x) =
x + γf(x) is a permutation of Fqm when f : Fqm → Fq

is a function, γ ∈ Fqm is a b-linear translator for f for 
some b( �= −1) ∈ Fq. His idea has been extended in [19] by 
Qin et al. and in [9] by M. Kyureghyan and Abrahamyan 
to finitely many function–linear translator pairs. In this 
paper, we study the permutations generated by function–
linear translator pairs along G. Kyureghyan’s idea and prove 
that these permutations form groups whose group structures 
are well understood.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

Let Fq be a finite field of q elements. If a function f is bijective from Fq onto itself 
then f is called a permutation of Fq. In particular, if f is given by a polynomial over 
Fq, i.e., f ∈ Fq[x], we call f a permutation polynomial of Fq. By means of interpolation 
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due to Lagrange or Carlitz, every permutation of Fq can be represented by a polynomial 
in Fq[x] of degree less than q. Accordingly, we may use the terms permutation function 
and permutation polynomial interchangeably.

Permutation polynomials over finite fields have attracted a lot of attention due to their 
various applications as well as theoretical interests ([10–12,17,20,21] etc.). Many of the 
recent works concerning permutations have focused on finding classes of permutations of 
simple forms or certain algebraic properties ([1,4,7,8,14,18,19]). On the other hand, less 
effort is devoted to disclose structures of newly found permutations. Therefore, it seems 
natural to investigate such classes of permutations in order to figure out their precise 
structures.

Recall that the set of permutations of Fq becomes a group of order q! under function 
composition. In the one-page paper [2], Carlitz proved that, when q > 2, the group is 
generated by the linear polynomials over Fq and the power map x �→ xq−2. Motivated by 
Carlitz’s result, several researches have been conducted to clarify either group structure 
or cycle structure of certain classes of permutation functions ([3,5,13,16,15,20,22–24]).

In the papers [4,8,14], new methods to construct permutation polynomials were in-
troduced by exploiting effectively the additive structure of finite fields, not only the 
multiplicative one. Some of the results were slightly extended in [18,19]. In particular, 
Kyureghyan [8] utilized the so-called linear translator, also known as the linear structure, 
for finding permutations. For a given function f : Fqm → Fq and an element a ∈ Fq, a 
nonzero element α ∈ Fqm is called an a-linear translator if f(x + uα) − f(x) = ua for 
all x ∈ Fqm and u ∈ Fq. Kyureghyan showed that the map (†) x �→ x + γf(x) gives a 
permutation of Fqm if γ is a b-linear translator for f for some b(�= −1) ∈ Fq and went 
ahead to determine the cycle structure of such permutations. Qin et al. showed exactly 
when the map (‡) x �→ x + γ1f1(x) + · · ·+ γnfn(x) is a permutation of Fqm , where each 
γ1, . . . , γn are linear translators for each of f1, . . . , fn. In [6], Evoyan et al. tried to handle 
the maps of the form (‡) systematically using the concept of k-switching but they did 
not consider any group structure.

In this paper, we show that there are three groups naturally arising from permutations 
constructed by Kyureghyan and by Qin et al. and determine the structure of these 
groups. In Section 2 we prepare the background by studying vector spaces related with 
the concept of linear translators. In Section 3 we introduce three sets P f , Pα, and PV

of functions of the form (†) or (‡), and we show these sets are closed under function 
composition. Then we note that in each case the functions with an inverse form a group. 
Finally in Section 4 we determine the structures of these groups.

2. Linear translators and related subspaces

In this section, we briefly summarize basic properties related to the concept of linear 
translators. We denote the field of q elements by Fq. Throughout this paper we consider 
the extension Fqm of degree m over Fq. We start with the definition of linear translators.
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