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Let α be a primitive element of a finite field Fr, where 
r = qm1m2 and gcd(m1, m2) = d, so α1 = α

r−1
qm1 −1 and α2 =

α
r−1

qm2 −1 are primitive elements of Fqm1 and Fqm2 , respectively. 
Let e be a positive integer such that gcd(e, q

m2−1
qd−1 ) = 1, 

Fqm2 = Fq(αe
2), and α1 and αe

2 are not conjugates over Fq. 
We define a cyclic code

C = {c(a, b) : a ∈ Fqm1 , b ∈ Fqm2 },

c(a, b) = (T1(aαi
1) + T2(bαei

2 ))n−1
i=0 ,

where Ti denotes the trace function from Fqmi to Fq for i =
1, 2. In this paper, we use Gauss sums to investigate the weight 
distribution of C, which generalizes the results of C. Li and 
Q. Yue in [13,14]. Furthermore, we explicitly determine the 
weight distribution of C if d = 1, 2. Moreover, we prove it is 
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optimal three-weight achieving the Griesmer bound if d = 1
and gcd(m2 − em1, q − 1) = 1.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

Let Fq be a finite field with q elements, where q = ps, p is a prime and s is a positive 
integer. Let C be an [n, l] linear code over Fq, i.e., it is a l-dimensional subspace of Fn

q . 
If for each codeword (c0, c1, . . . , cn−1) ∈ C, (cn−1, c0, . . . , cn−2) is also in C, then we 
call C a cyclic code. We identify a codeword (c0, c1, . . . , cn−1) in C with the polynomial 
c0+c1x +c2x

2+· · ·+cn−1x
n−1 in Fq[x]/〈xn−1〉. A code C of length n over Fq corresponds 

to a subset of Fq[x]/〈xn − 1〉. Then C is a cyclic code if and only if the corresponding 
subset is an ideal of Fq[x]/〈xn − 1〉. Note that every ideal of Fq[x]/〈xn − 1〉 is principal. 
Hence C = 〈g(x)〉, where g(x) is a monic divisor of xn − 1 over Fq. In fact, g(x) is called 
the generator polynomial and that h(x) = (xn − 1)/g(x) is referred to the parity-check 
polynomial of C.

Let Ai be the number of codewords with Hamming weight i in the code C of length n. 
The weight enumerator of C is defined by

1 + A1z + A2z
2 + · · · + Anz

n.

The sequence (1, A1, A2, . . . , An) is called the weight distribution of the code C. In coding 
theory it is often desirable to know the weight distributions of the codes because they 
can be used to estimate the error correcting capability and the error probability of error 
detection and correction with respect to some algorithms. The weight distributions of 
cyclic codes have been studied for many years and are known in some cases. The weight 
distributions of irreducible cyclic codes have been extensively studied and for details we 
refer the readers to [5] and references therein. However, the problem of determining the 
weight distributions of cyclic codes turns out to be very difficult in general and is only 
settled for a few special cases in literature.

The weight distributions of cyclic codes have been extensively investigated for many 
years and are known in some cases [1,2,4,6,14,15,17,20–22,25–28]. Cyclic codes with few 
nonzero weights are of special interest in association schemes, secret sharing schemes, 
and frequency hopping sequences. The results of such cyclic codes were presented in 
[7,9,10,13,16,18,19,23,24].

In this paper, we shall assume that m1, m2 are positive integers with d = gcd(m1, m2)
and e is a positive integer with gcd(e, q

m2−1
qd−1 ) = 1. Let α be a primitive element of Fr, 

r = qm1m2 , then α1 = α
r−1

qm1−1 and α2 = α
r−1

qm2−1 are primitive elements of Fqm1 and Fqm2 , 
respectively. Furthermore, let α1 and αe

2 be not conjugates over Fq and Fq(αe
2) = Fqm2 .
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