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Let ri be positive integers and Ri = Z2[x]/〈xri − 1〉 for 
1 ≤ i ≤ �. Denote R = R1 × R2 × · · · × R�. Generalized 
quasi-cyclic (GQC) code C of length (r1, r2, . . . , r�) over Z2
can be viewed as Z2[x]-submodule of R. In this paper, we 
investigate the algebraic structure of C by presenting its nor-
malized generating set. We also present a method to determine 
the normalized generating set of the dual code of C, which is 
derived from the normalized generating set of C.
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1. Introduction

Cyclic codes can be efficiently encoded using shift registers and have rich algebraic 
structures for efficient decoding, which explain their significant role in both the theory 
of error-correcting codes and engineering.

Classical cyclic codes of length n over a finite field Fq, which can be viewed as ideals 
of Fq[x]/〈xn−1〉, were extensively investigated [10,11]. Codes over finite rings have been 
studied since the early 1970’s. Hammons et al. [9] showed that certain good nonlinear 
binary codes can be constructed from cyclic codes over Z4 via Gray map. Since then, 
a lot of progresses on the study of codes over finite rings have been made [1,2,4,6,7]. 
As a generation of cyclic code, generalized quasi-cyclic (GQC) code and quasi-cyclic 
code over finite fields or finite rings have been studied [3,5,8,12–15] and employed to 
construct low-density parity-check codes.

Let Z2 be the ring of integers modulo 2, ri positive integers, and Ri = Z2[x]/〈xri − 1〉
for 1 ≤ i ≤ �. Denote R = R1 × R2 × · · · × R�. A GQC code C of length (r1, r2, . . . , r�)
over Z2 can be viewed as a Z2[x]-submodule of R.

• It is well-known that C is a binary cyclic code if � = 1.
• When � = 2, C is called a Z2-double cyclic code. The algebraic structures of C and 

its dual code were presented in [3].
• When � = 3, C is called a Z2-triple cyclic code. The minimal generating set of C and 

the relations between C and its dual code were determined in some special cases [13].

Recently, Matsui [12] presented a complete theory of generator polynomial matrix of 
GQC code C and a relation formula of the generator polynomial matrices between C
and C⊥, where C⊥ is the dual code of C. We refer the reader to [12] for more information 
on GQC code. In this paper, for any positive integer �, we investigate the algebraic 
structure of GQC code C by presenting its normalized generating set. We also present a 
method to determine the relationship between a normalized generating set of C and that 
of C⊥. It will be seen that our method is more concrete because a normalized generating 
set of C⊥ can be explicitly determined if a normalized generating set of C is given.

The rest of this paper is organized as follows. In Section 2, we investigate the algebraic 
structure of the GQC code C over Z2. In Section 3, we present a method to determine a 
normalized generating set of C⊥, which is derived from a normalized generating set of C. 
In Section 4, we conclude this paper.

2. GQC codes over ZZZ2

Suppose that ri are positive integers for 1 ≤ i ≤ �. Let C be a binary linear code of 
length n = r1 + r2 + · · · + r�. We call C a GQC code of length (r1, r2, . . . , r�) over Z2 if

c = (c1,0, c1,1, . . . , c1,r1−1| · · · |c�,0, c�,1, . . . , c�,r�−1) ∈ C
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