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The defect of a curve over a finite field is the difference 
between the number of rational points on the curve and the 
Weil–Serre upper bound for the number of points on the curve. 
We present algorithms for constructing curves of genus 5, 6, 
and 7 with small defect. Our aim is to be able to produce, 
in a reasonable amount of time, curves that can be used to 
populate the online table of curves with many points found 
at manypoints.org.

© 2017 Elsevier Inc. All rights reserved.

1. Introduction

For every prime power q and non-negative integer g, we let Nq(g) denote the maximum 
number of rational points on a smooth, projective, absolutely irreducible curve of genus 
g over the finite field Fq. At the turn of the present century, van der Geer and van der 
Vlugt published tables [5] of the best upper and lower bounds on Nq(g) known at the 
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time, for g ≤ 50 and for q ranging over small powers of 2 and 3. In 2010, van der Geer, 
Lauter, Ritzenthaler, and the author (with technical assistance from Gerrit Oomens) 
created the manypoints web site [4], which gives the currently-known best upper and 
lower bounds on Nq(g) for g ≤ 50 and for a range of prime powers q: the primes less 
than 100, the prime powers pi for p < 20 and i ≤ 5, and the powers of 2 up to 27.

The Weil–Serre upper bound [16, Théorème 1, p. 397] for Nq(g) states that

Nq(g) ≤ q + 1 + g�2√q� .

When q ≥ (g +
√
g + 1)2 the Weil–Serre bound is almost always the best upper bound 

currently known for Nq(g); the exceptions come from “exceptional” prime powers [8, 
Theorem 4, p. 1682] and from careful case-by-case analyses — see the introduction to [9]
for a summary. On the other hand, lower bounds for Nq(g) are generally obtained by 
producing more-or-less explicit examples of curves with many points. Typically, this is 
done by searching through specific families of curves — for instance, families of curves 
obtained via class field theory as covers of lower-genus curves, or families of curves with 
specific nontrivial automorphism groups. For small finite fields of characteristic 2 and 3, 
such searches have been carried out for many genera, so even the earliest versions of 
the van der Geer–van der Vlugt tables gave nontrivial lower bounds for many values 
of Nq(g).

One of the goals of the manypoints web site is to encourage researchers to consider 
curves over finite fields of larger characteristics. Curves over these fields have received 
far less attention than curves in characteristic 2 or 3, so at present the table entries for 
lower bounds for Nq(g) remain unpopulated for most q and g.

Of course, there are trivial lower bounds for Nq(g): for instance, if C is a hyperelliptic 
curve of any genus over Fq, then either C or its quadratic twist will have at least q + 1
points. To avoid having to worry about such “poor” lower bounds, van der Geer and 
van der Vlugt decided not to print a lower bound for Nq(g) in their tables unless it was 
greater than 1/

√
2 times the best upper bound known for Nq(g). This restriction was 

adopted for the manypoints table as well, but it turns out that it is not a strong enough 
filter when q is large with respect to g. The administrators of the manypoints site are 
considering replacing it with the requirement that a lower bound not be published unless 
the difference between the lower bound and q + 1 is at least 1/

√
2 times the difference 

between the best proven upper bound and q + 1.
Every genus-0 curve over a finite field is isomorphic to P1, so Nq(0) = q + 1 for all q. 

For g = 1 and g = 2, the value of Nq(g) is also known for all q. For g = 1 this is due to 
a classical result of Deuring [3] (see [20, Theorem 4.1, p. 536]); for g = 2, this is due to 
work of Serre [15–17] (see also [11]). There is no easy formula known for Nq(3), but for 
all q in the manypoints table the value has been computed; see the introduction to [14]. 
For genus 4, the exact value of Nq(4) is known for 45 of the 59 prime powers q in the 
manypoints table, and for the remaining 14 prime powers the lower bound for Nq(4) is 
within 4 of the best proven upper bound; see [6] and [7].
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