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1. Introduction

For each nonzero A € F»[T], let 0(A) = 3 p 4 D, where D runs over all of the divisors
of A in Fo[T]. We call A perfect if 0(A) = A. For example, T(T + 1) is perfect, because

o(T(T+1)=1+T+(T+1)+T(T+1)=T(T +1).
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The study of perfect polynomials was initiated by Canaday [1] in his doctoral work
under Leonard Carlitz.! In the case when A splits over Fy — meaning that all of its
roots in Fy lie in Fy — Canaday discovered the following concrete characterization of
when A is perfect:

Theorem A. If A splits over Fy, then A is perfect if and only if A = (T(T +1))*"~* for
some nonnegative integer n.

For non-splitting perfect polynomials the situation is less clear. Canaday discovered
11 examples whose irreducible factorizations are exhibited in Table 1.

One immediately striking feature of Canaday’s list is that all the polynomials appear-
ing have a root in Fy. Are there perfect polynomials (# 1) without such a root? Almost
80 years later we can do no better than echo Canaday’s assessment: “it seems plausible
that none of this type exist, but this is not proved.” Let us agree to call A even if A
has a root in Fy and to call A odd otherwise.” Then, in analogy with the integer case,
Canaday’s conjecture becomes:

Canaday’s conjecture. There are no odd perfect polynomials, other than A = 1.

From now on, when we refer to an odd perfect polynomial, we will mean an odd perfect
polynomial # 1. With this convention, Canaday’s conjecture is that there are no odd
perfect polynomials.

Various constraints are known on the multiplicative structure of any odd perfect
polynomial. The following basic result can be considered the analogue of the classical
Euler-form for odd perfect numbers:

Theorem B. An odd perfect polynomial is a square.

The proof of Theorem B is straightforward: if P¢ is a unitary divisor of some odd
perfect polynomial,® then both P and o(P¢) are odd. In particular, both P and o(P¢) =
1+ P+ ---+ P° have constant term 1; this implies that e is even.

In [5], Gallardo and Rahavandrainy proved that an odd perfect polynomial has at
least five distinct irreducible factors. In [3], they showed that an odd perfect polynomial
that is a product of squares of distinct irreducibles has at least 10 distinct irreducible
factors. Therefore, using Theorem B, we have:

Theorem C. If A is an odd perfect polynomial, then the number of irreducible factors
of A, counted with multiplicity, is at least 12.

! Canaday did not name these polynomials perfect. He used the term one-ring for a perfect polynomial.
The term perfect polynomial was first used by Beard, O’Connell and West in [7].

2 These terms originated in several papers of Gallardo and Rahavandrainy (see [3,4]).

3 Recall that A is said to be a unitary divisor of M if M = AB with gcd(A, B) = 1; in this case, we also
write A || M.
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