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Let n > 1 be an integer, and let F, denote a field of p
elements for a prime p = 1 (mod n). By 2015, the question
of existence or nonexistence of n-th power residue difference
sets in [F, had been settled for all n < 24. We settle the
case n = 24 by proving the nonexistence of 24-th power
residue difference sets in F,,. We also prove the nonexistence of
qualified 24-th power residue difference sets in F;,. The proofs
make use of a Mathematica program which computes formulas
for the cyclotomic numbers of order 24 in terms of parameters
occurring in quadratic partitions of p.
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1. Introduction

For an integer n > 1, let p be a prime of the form p = nf + 1. Let H,, denote the set
of nonzero n-th power residues in F,,, where F,, is the field of p elements. For € € {0, 1},
define H,, . = H,, U {1 — ¢}. Note that the set H, . has f + ¢ elements.

Fixing m € F;, Lam [12] called H, . an n-th power residue addition set if the list of
differences s —mt € F, with s,t € H, . hits each element of F, the same number of
times. If m is an n-th power residue, such an addition set is called an n-th power residue
difference set. If m is not an n-th power residue, then as in [3, p. 94], such an addition
set is called a qualified n-th power residue difference set with qualifier m.

Let g denote a primitive root modulo p. For integers s,t modulo n, the cyclotomic
number C,(s,t) of order n is defined to be the number of elements N € F,, for which
both N/g* and (N 4 1)/¢" are nonzero n-th power residues in F,. If H,, . is a difference
set, then necessarily [9, p. 677] n is even, f is odd, and

n?C,(5,0)=p—1+2ne—n, 1<s<n/2 (1.1)

If H, . is a qualified difference set, then necessarily [3, Theorems 2.1 and 2.2] n is even,
f is even, and

n?Cpn(s,n/2) =p—1+42ne, 1<s<n/2. (1.2)

For n < 24, it is known that H,, . can be a difference set only in the three exceptional
cases Ha ¢, Hy ., Hs listed in [3, (1.1)—(1.3)]. This follows from the work of a number
of different authors during the period 1933-2015. For references, consult Xia [13], who
has extended the results to fields of ¢ elements, where ¢ is a prime power. In Section 4,
we prove that Hog . cannot be a difference set, by showing that (1.1) cannot hold for
n = 24. Partial results in this direction had been obtained in 1983 by the first author [9].

For n < 22, it is known that H, . can be a qualified difference set only in the three
exceptional cases Ha ¢, Hy ., Hg, listed in [3, (1.4)(1.6)]. In Section 3, we prove that
Hj4,. cannot be a qualified difference set, by showing that (1.2) cannot hold for n = 24.

Our proofs depend on formulas for the cyclotomic numbers Coy(s, t). Printed tables of
these formulas were archived in 1979 [8], but it is much more useful to have digital access.
Thus we wrote a Mathematica program [10] to compute the formulas for Ca4(s,t). This
program is described in the next section.

We remark that besides their use for analyzing power residue difference sets, cyclo-
tomic numbers have applications to such topics as counting points on elliptic curves [14],
Gauss periods and complexity of normal bases for finite fields [4,11], cyclic codes [6], cryp-
tographic functions [5], residuacity [1, Chapter 7], linear complexity of sequences [2], and
almost difference sets [7].
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