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Torsion

Suppose ¢ is a prime power and f € Fy[z] is a univariate
polynomial with exactly ¢ monomial terms and degree < ¢—1.
To establish a finite field analogue of Descartes’ Rule, Bi,
Cheng, and Rojas (2013) proved an upper bound of 2(¢—1) =
on the number of cosets in F; needed to cover the roots of f
in ;. Here, we give explicit f with root structure approaching
this bound: When ¢ is a perfect (¢ — 1)-st power we give
an explicit ¢-nomial vanishing on qH distinct cosets of Fy.
Over prime fields [, computational data we provide suggests
that it is harder to construct explicit sparse polynomials with
many roots. Nevertheless, assuming the Generalized Riemann

Hypothesis, we find explicit trinomials having ( lolgf’igp)

distinct roots in [Fp,.
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1. Introduction

How can one best bound the complexity of an algebraic set in terms of the complexity
of its defining polynomials? Over the complex numbers (or any algebraically closed field),
Bézout’s Theorem [2] bounds the number of roots, for a system of multivariate polynomi-
als, in terms of the degrees of the polynomials. Over finite fields, Weil’s famous mid-20th
century result [28] bounds the number of points on a curve in terms of the genus of the
curve (which can also be bounded in terms of degree). These bounds are optimal for
dense polynomials. For sparse polynomials, over fields that are not algebraically closed,
these bounds can be much larger than necessary. For example, Descartes’ Rule [24] tells
us that a univariate real polynomial with exactly ¢ monomial terms always has less than
2t real roots, even though the terms may have arbitrarily large degree. Descartes’ 17th
century results has since been generalized to number fields and p-adic extensions of Q
[18], and local fields of positive characteristics [21].

Is there an analogue of Descartes’ Rule over finite fields? Despite the wealth of beau-
tiful and deep 20th-century results on point-counting for curves and higher-dimensional
varieties over finite fields, varieties defined by sparse univariate polynomials were all
but ignored until [7] (see Lemma 7 there, in particular). Aside from their own intrinsic
interest, refined univariate root counts over finite fields are useful in applications such
as cryptography (see, e.g., [7]), the efficient generation of pseudo-random sequences (see,
e.g., [5]), and refined estimates for certain exponential sums over finite fields [6, Proof of
Theorem 4]. For instance, estimates on the number of roots of univariate tetranomials
over a finite field were a key step in establishing the uniformity of the Diffie—Helman
distribution [7, Proof of Thm. 8, Sec. 4]—a quantitative statement relevant to justifying
the security of cryptosystems based on the Discrete Logarithm Problem.

We are thus interested in the number of roots of sparse univariate polynomials over
finite fields. The polynomial ¢ — = having two terms and exactly ¢ roots in F, might
suggest that there is no finite field analogue of Descartes’ rule. However, the roots of
29 — x consist of 0 and the roots of 97! — 1, and the latter roots form the unit group
Fy := Fy \ {0}. For an arbitrary binomial ax™ + bx™ € Fy[z] with n > m and a and
b nonzero, the roots consist of 0 (if m > 0) and the roots of ™™ + b/a. Note that
the number of roots of 2"~ + b/a in Fy is either 0 or gcd(n —m, ¢ — 1). In the latter
case, the roots form a coset of a subgroup of Fy. For polynomials with three or more
terms, the number of roots quickly becomes mysterious and difficult, and, as we shall
demonstrate in this paper, may exhibit very different behaviors in the two extreme cases
where (a) ¢ is a large power of a prime, and (b) ¢ is a large prime.

To fix notation, we call a polynomial f(z) = c1z® + coz® + - - - + ¢,z € Fy[z] with
e1 <ep <---<e <q—1and ¢ #0 for all i a (univariate) t-nomial. The best current
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