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In this article, we establish a sufficient condition for the ex-
istence of a primitive element α ∈ Fq such that for any 

matrix 
(
a b c
0 d e

)
∈ M2×3(Fq) of rank 2, the element 

(aα2 + bα + c)/(dα + e) is a primitive element of Fq, where 
q = 2k for some positive integer k. We also give a suffi-
cient condition for the existence of a primitive normal element 
α ∈ Fqn over Fq such that (aα2+bα +c)/(dα +e) is a primitive 

element of Fqn for every matrix 
(
a b c
0 d e

)
∈ M2×3(Fqn) of 

rank 2.
© 2017 Elsevier Inc. All rights reserved.

1. Introduction

Throughout the paper, Fq denotes a finite field of order q = pk, for some prime p and 
some positive integer k, and Fqn denotes an extension of Fq of degree n. A generator 
of the cyclic multiplicative group F∗

q of Fq is known as a primitive element of Fq. Any 
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field Fq has φ(q − 1) primitive elements, where φ is the Euler’s phi-function. A basis of 
Fqn over Fq of the form {α, αq, . . . , αqn−1} is called a normal basis, and α is called a 
normal element of Fqn over Fq. If, in addition, α is also a primitive element of Fqn , then 
the basis is said to be a primitive normal basis. Normal bases are of great importance 
in coding theory, cryptography, signal processing, etc. [1,18,19]. It is well known [17, 
Theorem 2.35], that Fqn has a normal element over Fq for every q and n. Basic results 
on normal bases over finite fields can be found in [2].

Existence of primitive normal elements has become an active area of research because 
of applications in coding theory, cryptography, etc. In [3,4], Carlitz showed that for 
sufficiently large qn, the field Fqn contains a primitive element that generates a primitive 
normal basis over Fq. Davenport [11] proved the existence of a primitive normal element 
of Fqn over Fq when q is a prime. Lenstra and Schoof [15] completely resolved the question 
of the existence of primitive normal elements for all field extensions Fqn over Fq. Cohen 
and Huczynska [9] gave the first computer-free proof of the result of Lenstra and Schoof.

In general, for any primitive element α ∈ Fq, f(α) (where f is any rational function) 
need not be primitive in Fq, for example, if we take the polynomial function f(x) = x +1
over the field F2 of order 2 then 1 is the only primitive element of F2, but f(1) = 0, which 
is not primitive. But for f(x) = 1

x , f(α) is primitive in Fq whenever α is primitive. We 
call (α, f(α)) a primitive pair if both α and f(α) are primitive. Many researchers have 
worked in this direction. In 1985, Cohen [7] showed that a finite field Fq, with q > 3, 
q �≡ 7(mod 12) and q �≡ 1(mod 60) contains two consecutive primitive elements. Tian 
and Qi [20] showed the existence of a primitive element α ∈ Fqn such that both α and 
α−1 are normal elements of Fqn over Fq, when n ≥ 32. Later, Cohen and Huczynska [10]
proved that for any prime power q and any integer n ≥ 2, there exists an element 
α ∈ Fqn such that both α and α−1 are primitive normal over Fq except when (q, n)
is one of the pairs (2, 3), (2, 4), (3, 4), (4, 3), (5, 4). Chou and Cohen [6] completely 
resolved the question whether there exists a primitive element α such that α and α−1

both have trace zero over Fq. In 2014, Kapetanakis [14] extended the result of Cohen 
and Huczynska [10] by proving the existence of a primitive element α ∈ Fqn such that 
both α and (aα + b)/(cα + d) produce a normal basis of Fqn over Fq, for every q, n, 
with a few exceptions, and for every a, b, c, d ∈ Fq. He and Han [12] studied primitive 
elements of the form α+α−1 over finite fields. In 2012, Wang et al. [21] gave a sufficient 
condition for the existence of α such that α and α + α−1 are both primitive, and also 
a sufficient condition for the existence of a normal element α such that α and α + α−1

are both primitive for the case 2|q. Liao et al. [16] generalized their results to the case 
when q is any prime power. In 2014, Cohen [8] completed the existence results obtained 
by Wang et al. [21] for finite fields of characteristic 2. In this article, we extend results 
of Wang et al. and of Cohen.

Corresponding to every matrix A =
(
a b c

0 d e

)
∈ M2×3(Fq), we define a rational 

expression λA(x) ∈ Fq(x) and a subset Mq of M2×3(Fq) given by
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